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Computational Methods for Multiphase Flows, '07

» Many aspects of the modelling issues are
unclear or questionable.

» Changing a “detail” might drastically modify
the structure of the PDEs system i Mo

=
The formulation of a satisfactory set of averaged-equations models
emerges as the single highest priority in the modeling of complex
multiphase flows. [...] It seems justified to take a pragmatic view
of the situation, using the available models and methods with open
eyes and full awareness of their potential limitations. An
exploration of the sensitivity of the results to the constitutive
relations, parameter values, and numerics [...] becomes a vital
necessity in this field
A. Prosperetti, G. Tryggvason.
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A hydrodynamic system for mixture flows

Unknowns
Particle volume fraction ¢, particle bulk velocity V/, carrier fluid
velocity u, pressure p

Incompressibility assumption

Mass densities of each phase pp, pr are constant
Equations (1D)

Mass conservation and momentum balance
Ot(pp9) + Ox(pppV) =0,
9t (pr(1 — ¢)) + 0x(pr(1 — ¢)u) = 0,
Oe(ppoV) + Ox(PpdV?) + Bpc®m(d) + pOxp = pp(¢D(u — V) + ¢g),
(p

0e(pr(1 — d)u) + 0x(pr(1 — d)u?) + (1 — ¢)Oxp
= Pp¢D(V — u) + pr(1 — ¢)g + O0x((1 — §)udyu).
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Where does it come from ? Fluid-kinetic models

Particles

» 3maf(t, x,£) d¢ dx=volume fraction in B(x, dx) of particles
with velocity in B(¢, df)

> ¢(t,x) = 3ma® [ f d¢é=volume fraction.

> Vlasov-type eq: O;f + & Vi f + Ve (Af) = Q(f)

» A accounts for interactions with the fluid, external forces
(like gravity...), Q accounts for particles interactions

Fluid

Description my means of continuum mechanics: unknowns py, u.
Euler or NS system with a coupling term describing the force
exerted by the dispersed phase on the carrier phase.

Leading effect: Drag forces
Proportional to u — &£. But the coefficient can be quite

. ; . 9%
Lontin complicated. Stokes law: D = 5y




Fluid-kinetic models for mixtures: Thick Sprays

Modeling assumptions

» Strong coupling: volume occupied by the particles is not
neglected

» Pressure efforts taken into account
» Close packing term: m(¢) — +oc as
¢ =47ad [FdE — ¢, € (0,1). Ex: m(0) = 2
» Q(f) =0,
1 c?
A=A(t,x,§)=D(u—§)+g— VP ——
Pp o
> incompressibility pf(t, x) = pr(1 — ¢(t, x))

vxﬂ(‘ls)
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A non linear system of PDEs
Kinetic eq. (dispersed phase)

2

Ouf +&-Vyf + V¢ ([D(u —6)— ;)VXP—;VXW(cﬁ)—i-g] f) —0.

Hydrodynamic system (carrier phase)

Otn 4+ Vi - (nu) =0,

1
Ot(nu) + Vi - (nu® u) + — V4P — Visc. Terms
Pf

= Pt 3/fD — ERAY
ng+ﬁf37ra < (& u)—i—/_)p x ) 3

Constraint

4
n:1—¢:1—37ra3/fd§.
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Moment system
Set

o(t,x) = :ﬂa3/f(t,x,§)d§, PoV(t,x) 7ra /gf (t,x,€)de
and p = pp¢ + pr(l — @), pti = ppdV + pr(1 — ¢)u. We have
0t + Vi - (¢V) =0=0:n+ Vi - (nu)
with ¢ + n = 1, so that the mean volume velocity is div-free
Vi (¢V + nu) = 0.
Besides, we get
Oe(pt) + Vi - (prnu @ u+ P+ ppP + ﬁfc27r(d>)) = pg + Visc. Terms

with P = /§®£fd§.
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Mono-kinetic system
Assuming that particles are mono-kinetic
F(t,x,&) = o(t, x)o(¢ = V(t,x))
yields a closed system
Ot(,') + VX . (()\/) =0= 81-[7 + VX . (nu).
0 (V) + Vs - (V ® V + 21(¢)) = Dp(u — V) — — V.. P + ¢g,
Pp
1
Ot(nu) + Vi - (nu® u) + ﬁ—VXP
f'

ﬁp ‘ 10} .
=ng+ —D¢(V — u)+ —V.P + Visc. Terms,
Pf Pf
and the constraint V- (¢V +nu) =0

Rmk.: the system for ¢, »V has a hyperbolic structure, owing to

the close packing pressure. See Saurel, Cayré-Hérard, Sainsaulieu...

for similar pbs.
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Dissipation properties (¢"(z) = c?r(z)/z)

Microscopic model

3

4 2 1_ _ _ _
Ot (7733/7;: / %fdﬁ + 50enu® + 9 (Pop + pen) + pp¢(<b)>
4
+Vs - (smthg.) + ma’pp / D(€ — u)*f d& + nu|Vul? = 0.

Hydrodynamic model

2 2

4
00 (ot + pen's + 3a%(6) + 9B+ pun))

+Vx - (smthg.) + ppDd(V — u)? + nu|V,ul?> = 0.

Rmk.: For compressible models, hyperbolicity of the system is far
bl from clear.



Numerical difficulties

B¢t + Ox(6V) = 0,

0e(PV) + 0x (6 V?) + 27(0) _ﬂﬁxp =¢D(u— V) + ¢g,
Pp
Orn + Ox(nu) =0,

Or(nu) + Ox(nu?) + ﬁiaxp
f

= @cbD(V —u)+ ng + _iax(n,uﬁxu).
Pf Pp

» Incompressibility n = (1 — ¢) yields 0, (¢V + (1 — ¢)u) = 0.
It motivates to work with staggered grids.
» Close—packing effect lim 7(¢) = 400
PPy
It induces specific stability conditions.
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Numerical method: Projection & kinetic schemes
Two difficulties

> To satisfy 0 < ¢ < ¢y,
» To satisfy the constraint n+ ¢ =1, V- (¢V + nu) = 0.

Prediction-correction approach

> Predict ¢, u, J = ¢V by getting rid of the constraint:
¢k+1 u*. J*
k1 k1 — gkl x _ gkl Atv M,
Df

A
JRFL — ¢k+1_—tvxn*. It yields a Poisson-like eq.
Pp

» Correct by setting n

_v.. <(¢1i+1 N nli—i-l

Pp Pf

)vm*) - —Aitvx C(JF 4 kL),
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Numerical method: Projection & kinetic schemes, Ctn'd

“Naive” idea
Just discretize the Poisson eq.
cf. : Ciarelli, Di Russo, Natalini, Ribot, models for biofilms
formation; Cayré-Hérard
But, we have
At

PF = gk Ax (9‘]’;1/2 J C1/2)s ”JI-(H nf— (gj+1/2 gjk—1/2)

and it is not clear that the approximation is consistent with
k k k kK _
Fiap — Tt Y — Y =0
Use staggered grids

» Volume fractions and pressures at (j + 1/2)Ax and velocities
at jAx: exact mass conservation, avoid odd/even decoupling

» It yields a non linear system for the correction I1 (which
lowa degenerates to the standard 3 points scheme when ¢ = Cst.).



A new scheme for barotropic Euler equations

Euler equations

» Mass conservation J; ¢ + 0x(¢V) =0,
» Momentum conservation 9;(¢V) + Ox(6V? + 7(¢)) =0

» Pressure: ¢ — m(¢) is non decreasing, and strictly convex.

The sound speed ¢ — c(¢) = \/7’(¢) is non decreasing.
Ex.: m(¢) = ¢7, with oy > 1... but we can consider a more

complex pressure law, like e. g. 7(¢) = %.

Hyperbolicity and wave speeds
Set % = (¢, # = ¢V) and rewrite 0;% + A(% )0x% = 0 with

Fy=| 72 | A =VaF) = . 72 7).

bl The eigenvalues of A(%) are \o.(%) = V =+ c(o).



Features of the scheme

>

Finite Volume framework
%k—&-l gz/k F

A ( 12— F£1/2) where Fjljrl/2 depends
on OZ/jk7gZ/j+1

» Consistency F(%, %) = F(%).

Design of the numerical fluxes with a flavor of Kinetic
Schemes: integral over an auxiliary variable £ of some
“equilibrium function” M(% ) & UpWinding principles.
Staggered grids: densities and velocities are not stored n the
same gridpoints.

Explicit formula: no “abstract formula” for M, no need of
integration procedure... for any pressure law.

Stability analysis: we can find Atk small enough so that
¢*t1 > 0 and EFT! < EX, discrete version of

jt / (gb— +&(¢))dx <0

where ¢®'(¢) — (o) = ().



A kinetic scheme on staggered grids for barotropic gas
dynamics

{ Oep + 0x(9V) =0,
Be(oV) + 9x(6V? + m(9)) = O.
The pressure ¢ — m(¢) is strictly increasing and strictly convex;

the sound speed ¢ — c(¢) = \/7/(¢) is strictly increasing.
[Not true for “real” gases like the Bizarrium.]

The system is hyperbolic, the characteristic speeds are V' + c(¢).

Kinetic scheme
Define a “generalized Maxwellian” M = (Mg, My)(¢, V) with

/Md£=<iv>=U, /fMds=<$52+ﬂ(¢))=F(U).

Set FE(U) = [ em(o. vV)(©) e
lrnia Con<sistency . F(U)=F*(U)+ F~(U).



Construction of the kinetic scheme: Basic principles

The system of conservation laws is seen as the hydrodynamic
limit 1
Otf +E0xf = —(M —f), T L
T

Time splitting
» Transport O:f + £0xf = 0:
. Ax k+1/2
Umed E(fj‘ +1/ _Gk)+§+(fj-'k_fJ-'lil)'f_f*(ij-(}l_Gk) —0.

> Stiff ODE 0:f — ~(M — f)
T

Note that Mk+1 = MK+1/2 5o that
1 — e—At/Tf'k—‘rl/Z + (1 _ e_At/T)Mk+1/2.
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Construction of the kinetic scheme: Basic principles
Time splitting

> Transport O:f + £0xf =0
UpWind (f”” )+ (B — ) +e_(Fh, - £ = 0.
) 1
> Stiff ODE 0,f = —(M — f)
T
Note that MK+l = MK+1/2 5o that
fk+l — e—At/Tfk+1/2 ( _ —At/T)Mk—l—l/Z_
Kinetic Fluxes: Let 7 — 0 and {—average

Ax ¢k+1
At / k+1 d§ — Mk+1 dé— ( (¢V)k+1 )

(?;V) ) /<f+( — MEL) (Mg — M) d
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A kinetic scheme on staggered grids
Principle : Fluxes are constructed from moments of M & Upwinding
Maxwellian (Kaniel's fashion)

Mo(o, V)(§) = ;@hs—vgcw)a

Mi(é, V)(€) = V Mo(o, V)(E) + M(s, V)(€)

with M(¢, V(&) = £L(¢, V)1¢<|v|+c(¢) (encoding the pressure)
Staggered grids: Mass flux

Densities known at x;1 /5, velocities at the interface x;.
Upwinding is natural

hivi2 , & k
JAt (¢j4—:11/2 ¢J+1/2)+ k= FF =0,

Ff _/§>05M0(¢j—1/2:vj d£+/ EMo(Sj11/2, V) €

lrria— The flux 54}" involves the velocity ij only.



Staggered grids: Momentum

hiv120f 10+ him120f 10 1/¢k(
2h o) h

> Set qﬁj’-‘ =
> Fly scheme
i [k k k =
A GV = VI + T = Fp =0
» Pressure flux: Since

/ ER(p, v d§+/ (!, V) de = (x(p) + 7(s'))

the pressure gradient is centered 7r(¢>j+1/2) — 7T(q5jl-(_1/2).
» Convection flux: ¢V x V =Mass flux x V involves

/ EMo(o, V)(&) x V dE. Idea: Upwind of V' and average
on x+1/2 of the mass fluxes known at xj, xj;1:

FHbj—1)2, Vj) + F T (Dj41/2, Vit1)2)

2
F(djg1/2, V) + F (913725 Vit1)
2

Vi

+ Vi1



Numerical Analysis

We have an explicit formula for the numerical mass flux

0

P _ P
FH(p, V) = ﬁ(p)(V +c(p)’ = mm@, V)2
PV = %(p)(h(p, V)2 = A-(p, V)?)
= L 2 2
N L
PVI= 1 =i (V= o) = - (0. V)

0

according to the three cases V + c(p) <0,
V—c(p) <0< V+c(p) and 0 < V — c(p), respectively.
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Properties of the flux

—c(p) e— upwind

c(p) v

upwind —:

Z(p,V)

Accordingly 0 < +.7%(p, V) < p[A+(p, V)}i

Stability: discrete maximum principle
If At([A\+]" +[A_]") < Ax, then the discrete density remains > 0.
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Numerical Analysis
Under suitable CFL condition:
» Positivity of the density is preserved (;Skj:ll/z >0,
» The physical entropy is decaying: with w(p) = p®’(p) — ®(p),

h Z ¢k+1‘ Vk+1| + h +1/2 Z (D kall/z

< b Z¢,|vk +hiae > (K ).

J J

In fact we have both local and global versions of the entropy
dissipation. It holds for general (convex) pressure laws.
Proof: mixing of Bouchut’s and Herbin-Latché techniques.
Unusual: “work with 2 eq. rather than a system”.

» Consistency analysis works too and a convergence statement
of "Lax-Wendroff type” can be established.

» Performs well in vacuum regions.
6’7/’@-



Numerical results (Density, Velocity, L-Error)

- — J=100
=== J =400
eeeeees J = 3200

—— exact solution

1.00 -0.40
- = J=100
0.95 - J =400 -0.41-
0.90 - J = 3200 ) -0.42
—— exact solution
0.85 -0.43
0.80 -0.447
0.754 -0.45+
0.704 -0.46
0.65 -0.47+
0.60- -0.48
o)
0.557 " -0.49
— -0.50
0.7 01 00 01 02 03 07
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3]
10
4
10
122 s

-0.6

+ +Density
O Ovelocity
slope
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0.79

01 00 01 02




A simulation with vacuum (Density, Velocity, Momentum)

1.07
— = J=200
J = 400
J = 3200
exact solution
0.7
0.6
0.5
0.4
0.3
0.2
0.1
o.
0.5
54
- = J=200
J =400
J = 3200
exact solution
2
1
o
14
2
3]
4|
5
- 0.5
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Remarks on numerical diffusion

F(p,V) = / €1Mo(6, V) (€) e > 0,

Zz —
d|~\(¢’¢l’ V): 7 (¢7 Vd))_‘; (¢7V)

Set

> 0.

The mass flux recasts as
Tj=FNbj—1/2, V) + F(dj31/2, V)

Gjr1/2 T Gj—1/2 1 1., .
- %\/j _ 5(g/ﬂ ‘(@j+l/2a V) — 7| ‘(¢j71/2: V)

Gj43/2 T Pjy1/2 _ Dir12 T Piaye
2 2
with Aj-nass a discrete diffusion term, with coefficients involving

Fjp1—Fj = ( Vin Vj) — A7

d''l > 0. Id. for the momentum flux.
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The “Purely UpWind" version of the scheme: why to be

kinetic matters!
Replace My by ¢d(§ = V).
The mass flux becomes

FP = b1V = dj1ap2( Vi)

» Note that CFL for the maximum principle would now involve
only the material velocity V instead of the wave speed
V £ c(¢).

» Numerical diffusion might vanish (when the material velocity
vanishes) since %'l’UpW = p|V] and dI''VPW = |V|.

» Scheme by Herbin-Latché-Nguyen: “Purely UpWind" and
momentum fluxes defined by using positive/negative parts of
the average of the mass fluxes, instead of the average of the
positive and the average of the negative mass fluxes.
Oscillations might appear which need to add artificial viscosity
in the HLN scheme.
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10 4.54 P
numerical solution numerical solution P
9| exact solution 4.0 K -
—— exact solution e
81 33—~ clp)
3.0
7
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exact solution
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Coming back to the coupled problem
1-Update of the volume fraction ¢ et n

¢ — ¢
—

2-Prediction of the velocities V et &
PV — gk vk
At

div! (¢k,vk):o, n=1-¢.

+div® ok, vH) = D¢(H—V)—§vhpk+¢g,
p

no—n*u* oy e B P L

T L avl?(n uk) — Eayi = Lepy(V - 1) -

At pf pf
3-Computation of the pressure p it becomes a nonlinear step!

~ At ~ At
diviM <¢, V==V (p—pk)> +divi)) <”’ u=="Vh (P_”k)> =0
P

4-Correction of the velocities up, uf

—n
—Vpp* + ng.
f

~ At - At
V:up—ﬁ—Vh(p—pk), u-u—p—Vh(p p )
P

Creia—



Properties of the scheme

» At each time step, mass conservation holds

k

d ;tn + div%l)(nk, uk) =0.

Accordingly, discrete energy inequality holds for the full system
(with CFL) !

» Price to be paid: we are led to a non linear problem for
obtaining the pressure.

Existence of a solution can be proved by a topological degree
argument. In practice, a few Newton iterations give the solution.
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Sedimentation flow

Volume Fraction ¢ Particles Velocity V
Fluid Velocity u Parameters
¢2
om(0) = , =0.7
(¢) ¢* o ¢ ¢*

wor=1 0,=10% g=-10
wpp=10"% D=0



Equilibrium profiles (o, = .7, make c or J vary)

0.77 0.7

0.6 0.67

0.5 0.5

0.4+ 0.47

0.3 0.3

0.29 0.21

0.1 x xt=10 0.14f x xt=10

Exact profile Exact profile
0'00.0 0.1 0.2 03 04 05 0.6 0.7 08 09 1.0 0'00.0 0.1 02 03 04 05 06 0.7 0.8 09 1.0

Figure: ¢ =0.4 and 8 = 2 (left) vs. ¢ = 0.2 and 3 = 4 (right).
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Analysis of the close-packing threshold
A stability condition guaranteeing that the numerical solution

remains < «, can be identified:

k
5t o
M+ A )<1— 2

hj+1 /2 Qe
Very demanding!! It might explain the lack of robustness reported
for many simulations of the problem.
[This model, however, couldn’t completely prevent the particle volume
fraction to exceed the close packing limit and some numerical instabilities
were experienced in the present unstructured code.]

107

slope 1.95
+

Leria— Maximal “acceptable” time step At as a function of 1 — apgay /vy .



Related Works

Numerical analysis of the Kinetic Scheme on Staggered Grids
(with F. Berthelin and S. Minjeaud): stability and
Lax-Wendroff theorem.

Simulation of fluid-kinetic models via semi-Lagrangian
methods (with A. Champmartin, J.P. Braeunig,
C. Fochesato)

Schemes for asymptotic regimes (with P. Lafitte,
J.-A. Carrillo, with S. Jin, J.-G. Liu, B. Yan)

A “new” model for mixtures, generalizing KS: derivation
from a microscopic description (kinetic theory of multiphase
flows, e. g. Savage), dissipation properties, stability of
solutions (with A. Vasseur)

Numerical scheme, based on DDFV techniques, for the
generalized KS model (with S. Krell)



Staggered grid: Mass fluxes

a+
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Staggered grid: Momentum fluxes

+ ot -

3; % ()g-n )v‘ )’l
/ ) 1 \/ £+ G
(22— + Vi
Y 2 e =
e il
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| l I
7(} \ 7‘5“/)_ IJ ?J“/Z \)/J'H
Voo e Y K
~ 1 G = b 2
°)J{“ 313 5{4—\
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To know more on fluidized beds

PHYSICS

FOR
FUTURE
PRESIDENTS

THE SCIENCE BEHIND THE HEADLINES

&

RICHARD A. MULLER
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Biological degradation

What is a biofilm 7
a complex mixture of microorganisms embedded in an
Extracellular matrix of Polymeric Substances (EPS)

Environment

P o Bulk liquid

P4 M e
- -




Entropy dissipation

Free energy balance
0e0(9) + 0x (®(9)V) = (0(0) — 6¢'(¢))0xV = —7(¢) O V.

Kinetic energy balance

V& V&
o, (¢>7) 10, (¢7 v) = (0(6V) + (6 V2))V = —0en(0) V.
Conclusion

Adding the two relations yields the local relation

0. (0% + 0(0)) + 0. (6 + 6(0) + () V) = 0

that can be integrated over the domain.
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A new mixture model (generalizing KS)

Otn+ Vi - (nu) =0,
Or(nu) + V- (nu® u) + Vip — Vi - (uD(v))

= —(kn+ ¢p)Vx& — Vxo,
n=1-30 Vo (u—j% (n(6) + 3p + 56) ) =

0 = —Vy - (61) + ~V, - 0
= -V, <q§(u SRR w)) 4V, <1vx¢) :
wv 0%

Derivation from a kinetic model (hydrodynamic regime)
“hybrid” behavior

Entropy dissipation (in any dimension)

An additional entropy dissipation in 1D: no formation of
vacuum, compactness and stability of weak solutions.

vV vyYyYyywy
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