THE CAUCHY-DIRICHLET PROBLEM FOR THE FENE
DUMBBELL MODEL OF POLYMERIC FLUIDS

HAILTANG LIU AND JAEMIN SHIN

ABSTRACT. The FENE dumbbell model consists of the incompressible Navier-
Stokes equation for the solvent and the Fokker-Planck equation for the polymer
distribution. In such a model, the polymer elongation cannot exceed a limit v/b
which yields all interesting features of solutions near this limit. This work is con-
cerned with the sharpness of boundary conditions in terms of the elongation pa-
rameter b. Through a careful analysis of the Fokker-Planck operator coupled with
the Navier-Stokes equation, we establish a local well-posedness for the full coupled
FENE dumbbell model under a class of Dirichlet-type boundary conditions dictated
by the parameter b. For each b > 0 we identify a sharp boundary requirement for
the underlying density distribution, while the sharpness follows from the existence
result for each specification of the boundary behavior. It is shown that the probabil-
ity density governed by the Fokker-Planck equation approaches zero near boundary,
necessarily faster than the distance function d for b > 2, faster than d|ind| for b = 2,
and as fast as d”? for 0 < b < 2. Moreover, the sharp boundary requirement for
b > 2 is also sufficient for the distribution to be a probability density.

1. INTRODUCTION

Let N > 2 be an integer. We consider a dimer — an idealized polymer chain — as
an elastic dumbbell consisting of two beads joined by a spring that can be modeled
by an elongation vector m € RY (see e.g [6]), with the elastic spring potential given
by

Hb 2
(1.1) \I/(m):—Tlog <1—%) , méeB.

Here B := B(0,v/b) is a ball in RN with radius v/b denoting the maximum dumbbell
extension. In the limiting case as b — oo, this reduces to the well-known Hookean
model with W(m) = H|m|?/2. A general bead-spring chain model may contain more
than two beads coupled with elastic springs to represent a polymer chain.

Polymers as such when immersed in an incompressible, viscous, isothermal New-
tonian solvent are modeled by a system coupling the incompressible Navier-Stokes
equation for the macroscopic velocity field v(¢, x) with the Fokker-Planck equation
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for the probability distribution function f(t,z, m) :

(1.2) ov+ (v-Vo+Vp = V- -7+ yAv,
(1.3) Vv = 0,
9 %epT,

where z € RY is the macroscopic Eulerian coordinate and m € B C R¥ is the
microscopic molecular configuration variable. The model describes diluted solutions
of polymeric liquids with noninteracting polymer chains (dimers). Note that the
Fokker-Planck equation can be conveniently augmented to incorporate other effects
such as inertial forces (see [14]).

In Navier-Stokes equation (1.2), p is the hydrostatic pressure, vy is the kinematic
viscosity coefficient, and 7 is a tensor representing the polymer contribution to stress,

r =2 [ m© 9,0 (m)fm,

where ), is the polymer density constant. In the Fokker-Planck equation (1.4), ¢ is
the friction coefficient of the dumbbell beads, T, is the absolute temperature, and kg
is the Boltzmann constant. We refer to [6, 13, 43| for a comprehensive survey of the
physical background, and [42] for the computational aspect.

Notice that the term V,, ¥ in (1.4) becomes singular (unbounded) on 9B = {m, |m| =
\/5} The question arises as to what kind of boundary condition needs to be imposed
on 0B. When we consider the evolution of

/R i /B fdmdz,

we find that the evolution rate £ [.y [, fdmdz depends both values of fuv at far
field in  through — lim, fm:r [ fv-£dmdS, and the total flux on 9B. For mass

conservation, we therefore might expect that fv should decay for large |z| and should
have zero flux on 0B, i.e.,

F (kpTuVmf + VU f) — Vom f} : ﬂ‘ -
¢ Im|los
This is indeed the condition which has been frequently adopted in priori works. Notice
that here m is an end-to-end vector, this zero flux condition does not seem to have
a definite physical interpretation. Instead, since the Fokker-Planck equation (1.4) is
singular at 0B, it is natural to ask what kind of boundary behavior one should impose
or one would expect?

The singularity in the potential requires at least zero Dirichlet boundary condition

flos = 0.

This is consistent with the result in [22], which states that the stochastic solution
trajectory does not reach the boundary almost surely. However, the above condition
is insufficient for well-posedness. In [35], C. Liu and H. Liu examined the ratio of the
distribution f and the equilibrium f,,, i.e.,

w = f/feq
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for the microscopic FENE model, by the method of the Fichera function they were
able to show that b = 2 is a threshold in the sense that for b > 2 any preassigned
boundary value of w will become redundant, and for b < 2 that value has to be a
priori given. As a side note we point out that there is a misprint in the statement
of this result, Theorem 1.1 in [35], where the correct assertion should be about the
boundary condition for w rather than for f — the proof is otherwise correct.

Our main quest in this article is what the least boundary requirement for f is
so that both existence and uniqueness of the solution to the FENE model can be
established, also the solution be a probability density. Upon pursuing this, we shall
achieve two main objectives:

(1) to identify sharp boundary conditions for all b > 0.
(2) to prove well-posedness for the coupled Navier-Stokes-Fokker-Planck system
under the identified boundary condition.

In order to describe the behavior of f near 0B, our idea is to identify a rate function
v, which approaches zero near boundary at a different rate for different 6. We also
use another function ¢ to quantify the relative ratio of f/v near boundary. More
precisely, we impose the following boundary condition

(1.5) f(t,z,m)v Yo = q(t,z,m)|om.

This boundary condition is a boundary behavior requirement, instead of the Dirichlet
data in the usual sense. Nevertheless, the pair (v,q), once known, determines the
behavior of f near 0B.

We shall investigate solvability of the coupled system (1.2)-(1.4) subject to (1.5)
and the initial data

(1.6) v(0,2) = wvo(x),
(1.7) fO,z,m) = fo(x,m).

In fact, for each b, we are able to identify the form of v

P2 0<b<2,
(1.8) v=4q plns, b=2
P b> 2,

where p = b — |m|? plays a role of the distance function d = vb — |m|. We should
point out that v = p when b > 2 was identified in [36] where the Fokker-Planck
equation (1.4) alone was studied. In this work, with some regularity requirement
on ¢ as well as on initial data, we prove local well-posedness for the above Cauchy-
Direchlet problem in a weighted Sobolev space for each given ¢. Our results indicate
that simply requiring f = 0 on boundary does not guarantee uniqueness of solutions.

As is known, the singularity of the Fokker-Planck equation near 0B makes the
boundary issue rather subtle, and presents various challenges. To address the diffi-
culties caused, several transformations relating to the equilibrium solution have been
introduced in literature ( see, e.g. [16, 24, 35, 36]). For the Dirichlet-type boundary
condition (1.5), our strategy is to study a transformed problem via

f

w="=—gq
v
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with v defined in (1.8) so that w|gp = 0. Once w is known, one can extract f from
v(w + q). Inspired from [38], for the coupled FENE system we use weak norm in m
and strong norm in x, this enables us to prove well-posedness for all cases of b > 0
and any given smooth q.

We identify a sharp boundary requirement for each b > 0 for the underlying density
distribution, while the sharpness is a consequence of the existence result for each q.
For b > 2, we show that f is a density distribution if and only if ¢lspp = 0. In
particular, our result asserts that near boundary the probability density governed
by the Fokker-Planck equation approaches zero, necessarily faster than the distance
function d for b > 2, faster than d|ind| for b = 2, and as fast as d”? for 0 < b < 2.
Unfortunately, within our current framework we have not been able to identify a non-
trivial ¢ for 0 < b < 2 such that the corresponding solution is a density distribution.

We remark that the sharp boundary condition presented in this work provides
a threshold on the boundary requirement: subject to the sharp requirement or a
stronger condition incorporated through some weighted function spaces [47, 38], the
Fokker-Planck dynamics will select the physically relevant solution, which is a prob-
ability density, any weaker boundary requirement can lead to many solutions, each
depending on the ratio of f/v near boundary.

This article is organized as follows. In Section 2, we state our main results and
main ideas of the proofs. In Section 3, we study the Fokker-Planck operator and
well-posedness of the initial boundary value problem for the Fokker-Planck equation
alone. This part alone improves upon our previous work [36]. The main result is
summarized in Theorem 13. The Fokker-Planck problem involving spatial variable x
is investigated in Section 4. Well-posedness of the coupled system is proved in Section
5. In Section 6, we sketch the proof of well-posedness for the coupled system with
b > 6 in a different function space than what was used in Section 5. Some concluding
remarks are drawn in Section 7.

We conclude this section by some bibliographical remarks.

Existence results for the FENE model are usually limited to local in time existence
and uniqueness of strong solutions. We refer to [44] for the local existence on some
related coupled systems, [22] for the FENE model (in the setting where the Fokker-
Planck equation is formulated by a stochastic differential equation) with b > 6, [17]
for a polynomial force. More related to this paper are the work by Zhang and Zhang
[47] for the FENE model when b > 76, and Masmoudi [38] for b > 0. Global existence
results are usually limited to solutions near equilibrium, see [28, 33], or to some
2D simplified models [10, 12, 27, 41]. For results concerning the existence of weak
solutions to the coupled FENE system we refer to [2, 3, 4, 5, 34, 39, 45, 48|.

Boundary behavior of the polymer distribution governed by the FENE model is
also essential in several other aspects, including the study of large time behavior, see
[1, 20, 23, 45]; and development of numerical methods, see, e.g., [8, 9, 16, 24, 37, 46].
We also refer to [21] for references on numerical aspects of polymeric fluid models.

There are also some interesting works on non-Newtonian fluid models derived
through a closure of the linear Fokker-Planck equation (see, e.g., [15, 16]). We can
refer to the pioneering work [18, 19], and more recently to [11, 29, 30, 31, 32].



THE FENE DUMBBELL MODEL OF POLYMERIC FLUIDS 5

However, none of these works is concerned with the sharpness of boundary condi-
tions in terms of the elongation parameter.

2. MAIN RESULTS

After a suitable scaling and choice of parameters we arrive at the following Cauchy-
Dirichlet problem for the coupled system

(2.1a) ov+@w-Vv+Vp = V-74+Av, R >0,
(2.1b) Vv = 0,
1 bm 1
(2.1¢) Oif + (v-V)f + V- (Vomf) = §Vm- <7f) +§Amf, m € B,
(2.1d) T = /m® b7mfdm,
(2.1e) v(0,2) = wv(x),
(2.1f) f0,z,m) = folx,m),
(2'1g) f(t,f(],m)l/_le = Q(t,%m)bB-

To present our main results we first fix notations to be used throughout this article.
We fix an exponent s, which is an integer in the range s > N/2 4+ 1. We use C' to
denote various constants depending on s, b and some other quantities which we will
indicate in the sequel. A b-dependent weight function is defined as

o2, 0<b<?2,
(2.2) p=1q pln*s, b=2,
P2 b > 2.
For b > 6, we also use
(2.3) po=p’ —1<6<1, b>6.

Other notations are listed as below as well.
° Li:{¢:[3¢2udm<m}
- . 2 .
HM_{¢¢aamJ¢ELM,j_1N}

H L denotes the completion of C2° with H i norm.
H* is a dual space of H
H? is the usual Sobolev space with respect to x

2 _ o« Qd
=3 [ oo,

la|<s

wls , = / /8aw2udmd:c,
who= > [ [ 1wl

lal<s

|w|%,s = |w|g,s + |V’mw|g,s’

”wHil,s = Sgp(’w’is + ‘8tw|%75)7

lall = llallmy + 110eqll .-
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b H;Li = {¢ : |¢|07s < OO}, HSHl {¢ |¢|15 < OO}
o L2H = [2((0,T): H), C.H — C([0,T):H) for0<t<T.
o H={¢:ollezm + ol racary)- < o0},

H={(t,-) € HY : |6l zmy + o < o0},

X, = [CH; N LPH M x [CHIL, N LPH H Y.
e For a generic constant C, independent of T and a € L?, we define
T
(2.4) F(a)=C (T+/ |a(t)|2dt) )
0

Due to such a constant, any two instances of I’ should be presumed to be with
different constants.

LQ(Hl
[ ]

We now state our main theorem as follows:

Theorem 1. Let b > 0 and s be an integer such that s > N/2 + 1. Suppose that
vo € H, fov™" € HJL?, and q € CIHZT H).. Then, for some T > 0 there exists a
unique solution (v, f) to the coupled problem (2.1) such that

(v, frh)eX

It is known from [25] that H), = H} for b > 6 with p defined in (2.2). Thus,
boundary condition (2.1g) is nothing but the zero Dirichlet boundary condition under
the assumption on ¢ in Theorem 1. For non-trivial ¢ when b > 6, we show the well-
posedness in a different weighted Sobolev space. The result is summarized as below.

Theorem 2. Let b > 6 and s be an integer such that s > N/2 + 1. Suppose that
vo € Hy, fov™' € HJL? , and ¢ € C/H;T H), with pio defined in (2.3). Then, for

z o
some T > 0 there exists a unique solution (v, f) to the coupled problem (2.1) such
that

(v, fr 1) eX

Theorem 1 and 2 tell us that for each given ¢, which denotes the rate of f approach-
ing to zero relative to v near 0B, there exists a unique solution (v, f). Also, they
indicate that any weaker boundary requirement may lead to more than one solutions
to (2.1). For instance, the boundary condition

friplop=0, >0

gives infinitely many solutions to (2.1). Precisely we state the following non-uniqueness
result.

Theorem 3. Let v be a smooth function of p such that
(2.5) lim - = 0.
Then, the coupled problem (2.1) with (2.1g) replaced by

(2.6) f(t,z,m)7 o =0
has infinitely many solutions in X, and X, for 0 <b < 6 and b > 6 respectively.
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A natural question is for what ¢ the obtained distribution f is a probability distri-
bution. The answer when b > 2 is given in the following theorem.

Theorem 4. Suppose that b > 2 and qlop > 0. Under the assumption of Theorem
1 or 2, the unique solution f to the Cauchy-Dirichlet problem (2.1) is a probability
distribution if and only if qlop = 0. That is, f > 0 if fo > 0, and for any t > 0,
x € RY,

(2.7) /Bf(t,x,m)dm:/Bfo(x,m)dm.

Theorem 1 is proven by a fixed point argument, which is now outlined. Given

(u, g), we first solve the Navier-Stokes equation (NSE):
(2.8a) o+ (u-Vo+Vp = V.74 Av,
(2.8b) V-v = 0,
(2.8¢) v(0,2) = wvp(x)
b
(2.8d) T = /m ® —mgdm.
p

With the obtained v we solve the Fokker-Planck equation (FPE):

(2.9a) of+ W-V)f+ V- (Vomf) = lvm- (b%nf) +%Amf,

2
(2.9b) f(0,z,m) = folx,m),
(2.9¢) ft,z,myv=top = qlt,z,m)|ss.

The above two systems define a mapping (u,g) — (v, f), the existence of problem
(2.1) is equivalent to the existence of a fixed point of this mapping.

The main difficulty lies in monitoring the boundary behavior of f. Our strategy is
to apply the transformation

(2.10) f=v(w+q),

to (2.9) to obtain a w-problem

(2.11a) (O +v-Vyw+ Lw| = ph,
(2.11b) w(0,z,m) = wy(x,m),
(2.11c) w(t,x,m)|og = 0.

Here the operator L is induced from the Fokker-Planck operator, v and p are weights
depending on the distance functions defined in (1.8) and (2.2), respectively. The
source term is obtained from ¢

(2.12) h=-0iq— (v-V)qg—p 'Llq,
and the initial data is given by
(2.13) wo(x,m) := folx,m)r— — q(0,z,m).

For given (u,w) with g = v(w + ¢q), we arrive at a map F.
F: M =M
(v, @) = (v,w)
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Here M is a subset of
CyH x [CyHI L, N L HH ]
such that
2 2 1" 2
M = < (v,w): sup |v]; <Ay, sup |wlg,+= [ [Vaw|sdt < Agp.
0<t<T 0<t<T ’ 2 Jo ’

The strategy for the fixed point proof, which we implement in sections to follow, is
to first prove that F is well defined for some T, A; and As, then to show that F is
actually a contraction map in a weak norm. Moreover, we will show that

(2.14) FM) c X,
These prove Theorem 1 for
qe C{H;" H, C [CtHL: N L{H;H,).
Theorem 2 is proved in the same manner. A sketch of the proof is presented in
Section 6. B
In order to prove Theorem 3, we pick ¢(t,z,-) € C*(B)NC(B) and ¢|sp # 0 such
that
CIH:T'H! 0 <b<6,
qc 1 11
CyH7 ™ H, , b>6.
Note that the existence of such a ¢ follows from the density of the weighted Sobolev
space (see [25] for details). Then for each ¢ we have a unique solution (v, f) to the

coupled problem (2.1) from Theorem 1 and Theorem 2. Finally, we turn to examine
the boundary condition (2.6),

o v v
fotos = fv 15|aB:C]5|aB,

which vanishes since ¢|gp is bounded and condition (2.5) holds. This proves Theorem
3.

Theorem 4 follows from Proposition 16 and 17 via a flow map to be described in
Section 4. The case for b > 6 can be proved by a simple modification, which is also
sketched in Section 6.

3. THE FOKKER-PLANCK OPERATOR

We start with (2.9) when z is not involved. In such a case it reduces to the following
problem:

(3.1a) Of+LIf] = 0, meB,t>0,
(3.1b) f0,m) = fo(m),

(3.1c) ftm)v~ o = q(t,m)|ss.

Here

(32) £l =V Gomp) - 59+ () < Sa

k = k(t) is a square integrable matrix function such that Tr(x) = 0. We omit m from
V., in (3.2) for notational convenience.
The goal of this section is two folds:
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(1) to provide tools for subsequent sections.
(2) to elaborate on this model alone as an extension of our previous work [36].

3.1. Transformed operator. The transformation (2.10) leads to

(3.3a) Oywwp + Llw] = ph, me B, t>0,

(3.3b) w(0,m) = wy,

(3.3¢) w(t,m)|lsg = 0,

with the transformed operator L determined by

(3.4) Llw] = pv ' L]vw].

The source term is given as h = —d,¢ — p~'L[g] and initial data for w is wy =
for™t —q(0,m).

From a direct calculation with the choice of p in (2.2), and v in (1.8), (3.4) can be
expressed as

1
(3.5) Lw] = —§V - (Vwp) + V- (kmwp) — Kw,
where
0, 0<b<?2,
(3.6) K={¢ (N+2km-m)ln E, =2,

I%
(N +2km -m)(b/2 — 1)p' =%, b> 2.

Associated with the operator L, we define its time-dependent bilinear form
1
(3.7) Blw, ¢;t] = / <§Vw -Vou —wukm - Vo — Kw¢) dm

for ¢, w € ]O:l}L and fixed ¢ > 0.
We now describe the weak solution which we are looking for.

Definition 5. A function w € 7?[ is a weak solution of w-problem (3.3), provided
(1) for each ¢ € [iflﬂ and almost every 0 <t < T,

w

(2) w(0,m) = wo(m) in L sense, i.e.,
[ 1t0.m) = o) Ppdma = 0.
B

Remark 6. In (3.8), (w,qﬁ)ﬁl is a dual pair for ¢ € (H))* and ¢ € H,, and can
be regarded as Lz inner product. Indeed, from the Riesz representaiton theorem, for

each b € (H},)* there exists a unique u € H), such that

(¥, ﬁb);ﬂ = /B(Vu Vo + ug)udm.
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Formally, the right hand side will be

[ (9 (Funu + wyopdm.
B
We identify 1 as V - (Vup)p™ + u and the dual pair will be the Li inner product.

Remark 7. With the weight function p so chosen as (2.2), we observe that if ¢ € Hi,
then ¢ € Wh since

Awm+wwmmsc(Ayw%HVMWMmfm(Lu*w0”3<m.

From the standard trace theorem, the map
) 1
T Hi(B) — L (0B)
¢ = dloa

1s well defined. Thus, the element in H}L 15 characterized by the zero trace, and the
Dirichlet data (3.3c) makes sense.

The well-posedness of problem (3.3) is stated in the following.

Theorem 8. Suppose that wy € L., h € Lf(ﬁ]i)* and k € L? with Tr(k) = 0. Then

the w-problem (3.3) has a unique weak solution in 7(:l such that

2 F(lx) 2 2
39 i < 0 (ol + 1412, 5. )
with F defined in (2.4).

This result when b > 2 and ¢ = 0 was proved in [36]. For general case we proceed
in several steps.

An embedding theorem. We define

P22 0<b <2,
(3.10) wr=< pt b=2,
p 2 b>2.

We call p* as the conjugate of p due to the Sobolev inequalities in the following
lemma.

Lemma 9. If ¢ € I(j.fllu then

(3.11) / 6P yrdm < C / (16 + [Vo[)udm.

Also, if ¢ € leg for 8 <1, then for any § > 0

.12 [1685 5 dm < [(of + [Vopfam
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Proof. We refer to [25] for a proof of (3.11) when b # 2, as well as (3.12). Here, we
prove only the case b = 2.
First for C' = max;<,<2[pp] ' we have

2 2 2
/B 6P/ pdm < C / __Jofm ¢ / 1612/ pdm

0<p<1

1 GQ
<c / 6 udim + / & i,
B o P

where we have used the spherical coordinate representation with p = 2 — r? and

dp

313 @)= [ o ase () =5 [ lotoprtas,

Note that from ¢ € H }, one can verify that G(0) = 0. It is known (see [26])) that

1 z 2 1
1
/ (/ g(t)dt) —dz < C/ ¢*(2)x|Inz|*dx.
0 0 xr 0
Thus,

1 G2 1 1 G2 1
(3.14) / —dp < C/ (Go)*plInpPdp < 0/ —Fpdp < 0/ (G,)?pdp,
o P 0 o T 0
where we have used the fact that p|Inp|> < g = pln® (e/p). Differentiation of (3.13)
in term of r leads to

2GG, = V¢ - Er¥2dSe + % / |6(r&) 2N 3dSe.
= =

Squaring both sides and using the Cauchy-Schwartz inequality we obtain
(N —2)?

2
AG*(G,)* <2 ¢*r™2dSe / VoPri—dSe + ——— < ¢2rN2dS§> :
el=1 lel=1 j6l=1

where we have used the fact » > 1. Hence

Y
@< [ varopr s S

G2
2 ;

which inserted into (3.14) ensures that the term fol %261,0 is also bounded by C||¢||3;: .
The proof is now complete. U

Energy estimates. We return now to the bilinear operator B.

Lemma 10 (Energy estimates). For any t > 0, there exists a constant C' which is
dependent on N,b such that

(1) for w(t,-) € ]—OI}L
1
(3.15) 1 / |Vwl* udm < Blw, w;t] + C(1 + |x[?) /w2,udm;

(2) for(t,-) € H, and ¢ € I}b,
(3.16) B[, ¢ t]| < C(1+ |&))[ )l a9l -
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Proof. From (3.7) it follows
1
(3.17) E/Vw-ng,udm = Blw, ¢;t] +/mm-V¢wudm+/Kw¢dm,

where K is given in (3.6).
Case 1. If 0 < b < 2, then K = 0; hence

1
(3.18) §/|Vw]2udm = B[w,w;t]+//<;m-waudm

< B[w,w;t]+i/|Vw|2,udm+b\fi\2/w2,udm
and
1
Blo.ostl] < 5 [ IVelIVludm + Vilx [ [v][Voldn

< CA+ DY mlIVel Lz
Case 2. For b > 2, it suffices to estimate the K-related term. If b = 2, we have

K = (N +2xm -m) In < < (N + 2b|K|) v/ ppe*
p
If b > 2, we have

K = (— — 1) P3N + 2km - m)

< (g - 1) (N + 2b|k|)v/ pp.

Hence for b > 2 we have
/Kw2dm < C(1+ k| /wQ\/u,u*dm

< €/w2u*dm+CE(1+ \/i\Q)/wQMdm.

This when added upon right side of (3.18) using (3.11) with some small € leads to
(3.15). Using (3.11) again we have

\ [ voan) < ca+in) [1olovaran < Ca+ vl ol

which when combined with the above estimate for b < 2 gives (3.16). O

A priori estimate.

Lemma 11 (A priori estimates). Let w be a weak solution to (3.3). Then

1
2 2 F(|x 2 2
319)  swp o)l + ol <<l + a2, ;)

with F defined in (2.4), and furthermore

3.20 2 < eFsh 2 nlIz . .
(3.20) Jw|ly <e [wollzz + |l IIL%((H}L)*)
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Proof. From the weak solution definition in (3.8) we have for any ¢ € H .
(321) (0w, 0), + Bluw, 1] = (h,0)

By (3.16), (dw, ¢)

Ol.
Hy,

. 1s bounded by

o
Hy

I8 gy 91y + CCL+ D)ol ol
Hence

(3.22) || Oyw

(]?[}L)* S HhH(ﬁI}L)* + 0(1 + ‘K'DHU)HH}L

Next we set ¢ = w in (3.21) and use (3.15) to have

1d 1
yaplwls + 5 [ 17wl < ) 5, ol + O+ 8Pl
o
1
<2, + gl + O+ Pl
m
Hence
(3.23) Sl + ol < €O+ aP)lwl; + Al
. dt Lﬁ 4 H}L = Lﬁ (]‘EI}L)*7

and therefore by Gronwall’s inequality,

1 T .12
2 2 o+ I |x2d 2 2
sup [lw(t, )75 + gl < 0T M (HonLg + ”h”@@y) 7
which together with (3.22) yields (3.20). O
Proof of Theorem 8. We construct a weak solution to (3.3) using the Galerkin ap-
proximation. Let {¢;} be a basis of H, and L?. Then an approximate solution w;
l
in a finite dimensional space is defined as w; = Zdé(t)@. Here d.(t) is a unique
i=1
solution to a system of linear differential equations,
(@wl,%’)ﬁh + Blwi, ¢55 1] = (h, ¢5) ¢
d;(0) = (91, 85) 3 (o, ®) 13

where q; = (¢1,--+,¢)". Using the same argument as that in the proof of Lemma
11, we obtain

19
m
9

< (unll + 1012, ).

2 2
||wl”L?H/£ + ||8tleL2(ﬁI1 L%(IO{}L)*

T U,

Extracting a subsequence and passing to the limit give a weak solution w in H. The
uniqueness follows from the a priori estimate (3.20). O

To return to the Fokker-Planck problem (3.1) we will also need the following
Lemma.
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Lemma 12. Let h = —0yq — p~'Llq]. If ¢ € CIH, and x € L} with Tr(x) =0, then
T
24 2, < 1 2 *dr.
(3.2 B2, 5 < C [ 1+ ) a) i

Proof. For ¢ € C} H,, it is obvious that 0,q € L{(H,,)* since H, C (H)* C (H})*.
In order to show p~'L[g] € L7(H})*, we use integration by parts and (3.16) to get

[ Llodn] = 18la.6:1 < €O+ Dty ol 6 € €2

Since C¢° is a dense subset of H,, for any ¢ € H, with ¢/l = 1, we have
(3.25) (uLlg), ¢) 5, | < C(L+[s])lla(t, )y

Taking the L? norm in t leads to the desired estimate. 0

Theorem 8 and Lemma 12 lead to the following result for problem (3.1) with a
general Dirichlet boundary condition.

Theorem 13. Suppose that fov~" € L2, q € C/H}, and k € L} with Tr(x) = 0. Then
for any T > 0 the Fokker-Planck problem (5.1) has a unique solution f such that

(3.26) f=vw+q) withweH for 0<t<T.
Moreover, for F' defined in (2.4),

1 . T
B21) sup (e g + Sl < (ki + [0+ P laoIPde).
0

Proof. The estimate (3.27) follows from (3.19) and the estimate in Lemma 12, with
Fe! replaced by e

We now prove the uniqueness of f in terms of ¢|gp. Let f;(i = 1,2) be two solutions
with ¢; such that ¢|sp = ¢2]sp and initial data fo. Set w = (fy — fi)v~!, then w
solves w-problem (3.3) with wy = h = 0. Hence w = 0, leading to f; = fo. O

Remark 14. As mentioned in Section 2 that H, = H) if b > 6,i.e., the trace
of q € H}L vanishes if b > 6. Thus, boundary condition (3.1¢) is nothing but a zero
Dirichlet boundary condition. In Section 6, we show the well-posedness with a nonzero
Dirichlet boundary condition for b > 6 using yet a different transformation.

Remark 15. The condition Tr(k) = 0 comes from the divergence free velocity field
of the Nawvier-Stokes equations. Many of the above arguments, however, do not use
this condition explicitly.

3.2. Probability density function. So far we have discussed well-posedness of the
initial-boundary value problem (3.1) for b > 0 and any given g. We now turn to the
question of which ¢ corresponds to the probability density, i.e., non-negative solution
with constant mass for all time.

Proposition 16. Let f(t,m) be the solution to problem (3.1) obtained in Theorem
13. If fo > 0 and q(t,m)|sp > 0 almost everywhere, then f remains nonnegative for
t>0.
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Proof. We adapt an idea from [7]. Let f* be the positive and negative parts of the
solution f such that f = f*— f~. Obviously, w* := ffv=! ¢ H}L and ¢lgp > 0. This
implies that the trace of w™ at the boundary vanishes, so

w- € H i
From the equation
Oywp + Liw] =0,
which is transformed from (3.1a) it follows that

(atw,w_)ﬁ]}t + Blw,w™;t] = 0.

Since (8tw+,w_)ﬁ11 and [ L{w"|w~dm vanish, hence

2dt (/]w \,udm)—l—B[w w”;t] = 0.

The coercivity of B, (3.15), gives

1 _ _
th (/|w | udm) —|—Z/|Vw ]2,udm§0(1+]/€]2)/]w 2 udm.

(I=1)

Hence
Sngw (t.)zz < lwg 1Z2¢"

for T'> 0. Since wy =0, ||lw™(¢,-)]|7, =0forall 0 <t < T. O

Proposition 17. Let f be a solution to the Fokker-Planck problem (3.1) obtained in
Theorem 13. Suppose b > 2 and q(t,m)|op > 0. If glap = 0 for all t € [0,T], then

/f(t,-)dm: /fodm, t € 0,7,

Proof. 1t suffices to prove the claim for smooth enough f since the general case can
be treated by an approximation as in [36]. We rewrite (3.1a) as

and vice versa.

of ==V - (kmf)+ V- ( bz 5/2)

First, we take a test function ¢.(m) = ¢.(|m|) € C=(RY) converging to xp as € — 0
such that

(1, jml<Vb—e 1
ol ={ 7 MV ved <ol

and for any smooth g
Vo—e/2

(3.28) / ()6, (r)dr — —g(Vb) as e — 0,
b—e

where ¢.(r) = V. - ’Z—|
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One can construct such a ¢. by mollifiers, for example
be(m) = / Neja(m —m')dm’
B\/5735/4

where

_ 1 e, | <1
n-(m) = ENU(M/é% n(m) —{ 0. ml > 1

and C' is a normalizing constant.
Since V¢, is supported in B := B\/E%/z \ B,;_., hence

(3.29) / fo.dm = f/fm Vodm — | p"*V (pf/z) - V.dm.
BS
By w = fr~1, the right hand side reduces to
(3.30) / (wkm — Vw) - Vo.vdm — wp®*NV o, - V(vp~?)dm.
1> BE

The first term converges to 0. Indeed,

1/2 2 1/2
/ (wkm — Vw) - nggl/dm‘ < ( lwkm — Vwﬁzdm) ( |V¢E|2Edm) :
£ BE BE

Since 2/ = p/? for b > 2, by mean value theorem there exists r € (vVb—e, Vb—¢e/2)
such that

2
/ V. ?Xdm = %/ V. [2pP2dS < O/,
Be M OB,

which is uniformly bounded for b > 2. Using w € H}, we obtain [, [wskm —
Vw|*udm — 0 as € — 0. Hence the first term in (3.30) converges to 0.

On the other hand, for Cy = { 2_37 ; Z i g

— / wp* V. - V(wp?dm = / wV ¢, - mdm

—e/2
= / / wrd.(r)dSdr
b—e 0B,
—e/2
= CQ/ (r/ wdS) oL (r)dr.
b—e OB,

—CoVb | wdS =—Coyvb | ¢dS.
0B

0B

Due to (3.28) this converges to

d
Since Cy # 0, this shows that E/ fdm = 0 if and only if / qdS =0, or qlop =
B oB
0. ]
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Remark 18. In Proposition 17, the assumption b > 2 is sharp. In the case b < 2,
we need to consider nontrivial ¢ # 0 since the equilibrium profile fe, = pP? satisfies

q|pp = 0"v " os = 1.

This requirement is also consistent with [35], in which it was shown that when b < 2,
fvas = qlop is necessarily prescribed and each solution depends on the choice of q.
It would be interesting to figure out a particular q for which the corresponding solution
when b < 2 is a probability density.

4. THE FOKKER-PLANCK EQUATION

In this section, we show the well-posedness of the FPE (2.9) including x variable.
The result is stated as follows.

Theorem 19. Suppose that for b > 0 and any integer s > N/2+1, V-v =0 and
(4.1) ve CHNLHY,  for ' e HIL,, qeCIH'H,, 0<t<T

for any T > 0. Then (2.9) has a unique solution [ = v(w + q) satisfying

2
where F' was defined in (2.4).

1" .
42 swplull, 5 [Tl < (ol + ol ).

The proof of Theorem 19 consists of two parts: first we show the existence of the
solution f to problem (2.9) by using the flow map, followed by proving regularity in
x inductively such that w € C,H; L2 N L} H;H ), with v, fo and ¢ given in (4.1). In the
second step, we derive estimate (4.2) directly from (2.9) to control f in terms of the
given data. The uniqueness can be obtained from the estimation (4.2) as performed
in the proof of Theorem 13.

First, we state a technical lemma.

Lemma 20. Suppose that 1 € H; and ¢ € [C;TL Then for the trace map T
wt(B) — L'(0B)
(4.3) T(won) =0,

Proof. Since CZ° is a dense subset of H ;lu it suffices to show that for a fixed v € H }L
and any ¢ € C°

(4.4) [oullwrr < Cllgllm;-

Then, the standard trace theorem asserts that T (¢ ¢p) is well-defined in L'(9B) and
it vanishes, also 7 is a continuous map with respect to ¢, we can thus conclude (4.3)

for any ¢ € H L by passing to the limit of sequence ¢,, € C2° such that ¢, — ¢.
(4.4) is indeed the case. It is obvious that ¥ ou, V,,,b¢u and ¥V, ¢u are integrable.
For b # 2, |V,,u| < Cy/pp and (3.11) yield

[ 6% pim <l ol
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For b = 2,
IVpt| < C(In* % +1In 5) < C(In? % + V).

Using (3.12) and ¢ € H}L, we obtain ¢ € L? s for any 0 > 0. Hence

'/quln? gdm‘ <C <\// w2p1+6dm\// P2l ln4(%)dm> .

It follows that for any b > 0

[ 106nl + 1 ol < Cllmy ol

as we desired. O

The main ingredient for the proof of Theorem 19 is to use the calculus inequalities
in the Sobolev spaces, see Appendix 3.5 of [40]: for any positive integer r > 0 and
u,v € LN HY,

45) Y o7 (w) —ud vl < C (Va0 + fullar ol

[v|<r
(4.6) fuwollar < C(llullze vl + lull g o] o).

Note that (4.5) remains valid when 07 on the left hand is replaced by the correspond-
ing difference operator.

Proof of Theorem 19.
Stepl (well-posedness) Let a particle path be defined by

atx(tay) - U(t,l’(t,y)), (L’(O,y) =Y,
along which the distribution function f(t,y,m) := f(t,z(t,y), m) solves

(4.7a) of+L[f] = 0,
(47b) f(07y7m> = fO(y7m)a
(47C) f<t7 Y, m)y_1|8B = (j<t7 Y, m)’@B'

Here £ is defined in (3.2) with & replaced by #(t,y) = Vou(t, z(t,y)), and ¢(t,y, m) :=
q(t, x(t, y), m).

In order to show existence of a solution to (2.9) under the conditions v € CH? N
L2H3t" and V - v = 0, it suffices to show that (4.7) has a solution f = /(i + §) such
that

w = w(t,x(t,y),m) € C\H; L2 N L{H} H ),
assuming that

(4.8) keljH;, woeH]L, GeC/HH),.

These follow from (4.1) since |7 (t)]s < Clv(t)|se1 for t > 0, wo(z,m) = for~' —q(t =

0) = wo(y,m), and [|q|]1.1.s < C||ql[1,1,5+1, for which we have used 0, = 0yq +v - Vq.
Using Theorem 13 for each y, there exists a unique solution f such that

f=v(w+q)
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with w satisfying (3.27), i.e.,

N 1, . A
sup (1, )3 + 510,y )y < €5 (oI

(4.9) 5Au+mmwmwm%w%Q.

Integration of (4.9) with respect to y, upon exchanging the order of integration in y
and m and using the Sobolev inequality, sup, || < C|i[s-1, gives

PSRN O . .
@) swlafy+y [ Bt < (ol + 1l ).
0

Hence w € C,L;L>, N L7L2H,. On the other hand, the right hand side of (4.9) is
uniformly bounded in y, taking sup, of (4.9) gives

(4.11) sup @t y, )I[7s < et (uwoff ooy + (1117 1,.0-)-
7y

We now use an induction argument to prove that w € C;Hy L2NL7H) H), for 0 < r < s,
and

N 1T . N
(4.12) Sltlpfwlg,ﬂrg /0 @3 ,dt < e UF) (Jwold . +11d]17 1.,)-

The case r = 0 has been proved as shown in (4.10). Suppose (4.12) holds for r = k,
we only need to show (4.12) forr =k +1 < s.

To prove regularity of f in the y variable, we use difference quotients. Define the
difference operator in the y variable as

1

Apply 67 to (4.7) with |y| < s, then

(4.13a) 067 f+ LISTf] = Vi,
(4.13b) 0 f(0,y,m) = & foly,m),
(4.13¢) O f(t,y,mv o = §G(t,y,m)|as,
where

(4.14) J = &md" f — & (kmf).

This when transformed into the w-problem of form (3.3) involves the following non-
homogeneous term

(4.15) h=—0:6"G—p "L[07q + V,, - Jv .
Using Theorem 13 again for each y, 67 f is the unique solution to (4.13) as long as
h e Lf(ﬁ]}l)* Moreover,
Nf=v(d"w+9874),
where 67, using (3.19), satisfies

1 3
Yaf) D12 SV (. D2 F(|&(y)]) Y 2 2
sgp|!5 @ty Mg + 51670C Y Mizmy < e (||5 wollzz + ||h||L%(gb)*>‘
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Integration in y gives

1 T .
e 1 - F(sup, |7 (-y))) 2 2
Sgp |07 wlg0 + 2 /0 [07B[q gt < TR (|57wo|o,0 " HhHL?L%(ﬁIb)*)
16 < FlRls-1) 2 [P
(4.16) = olos T IR0y

We now turn to bound the last term in the above inequality. For any ¢ € H }L and J
defined in (4.14), Lemma 20 allows the use of integration by parts. Hence,

'/Vm : Ju_l¢udm‘ < </|Jl/_1H1/Vm'gH¢]dm—i—/]JV_lHquﬁmdm)
< Ol ez (19l 2, + IVimellzz)
< CllJv Hlzg Il

Here we have used |vaﬁ| < Cy/p*p and the embedding theorem (3.11). This
v

together with Lemma 12 and (4.15) yields
(4.17)

(il

T T
o < P 2 Y5 22 12 g
sy < C [ (s li(ta)P) [ 19700y Pyt +C [ 1707 g
For |y| < s, the first term on the right side is bounded by
(4.18) F(Rls)07311% 10 < FURE[—0) 117 16

To obtain (4.12) for r = k+1 < s, it remains to estimate the last term in (4.17) with
|v] = k + 1. In fact,

[TV 50 = (87 (R f) — kmé™ flu=[,
< C(sup [V [fv™ [ 4 + [RlR gy sup | fr7IZ2)
Y Y
< ClR[(10[5 5 +sup [l + dll7..0),
Yy

where we have used (4.5) with 97 replaced by §7.
Using (4.12) for r = k and (4.11) we have

T
/ T R gdt < PO (g2 4 [d]12,.,).
0

This and (4.18) when inserted into (4.17) give a bound for HhHQ2 NI That bound
L2L2(H})*
combined with (4.16) yields

3 IR ~ N
sUp 075 + 5/ 167@[3 gdt < e"UF) (Jwolg, + [1]]7 1) < oo, |yl =k+1.
0

Sending 7 — 0 we obtain (4.12) with » = k£ + 1. Hence, (4.12) holds for any r < s,
and thus the solution f to (2.9) exists, and

1 T
suplufy, + 5 [ Jul dt <o,
t 0
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One may obtain an upper bound from (4.12) with » = s using the inverse map of
x = x(t,y). Nevertheless, the next step gives the claimed bound in (4.2).
Step2 (a priori estimate) For a priori estimate, we consider the w-problem (2.11)

(4.19) w0y +v-Viw+ Lw] = —u(0,+v-V)g— Lg.
Recall that
Liw] = —%Vm (Vpwp) + Vi, - (kmwp) — Kw.
Take ~ derivative in z-variable. Then, the left and right hand side of (4.19) will be

4.20 I = o +v-V)0w— %Vm (Vn0Twp)
4.21 + pld((v-V)w) — (v- V)0 w]
4.22 + Vi (07(kmwp))

I7

1
— pd'((v-V)g)
— Vi (0" (kmaqp))
+ J0'(Kq).
We now estimate term by term of

(4.28) > / / [0 wdmdz = / / I1"wdmdz.

lvI<s [vI<s

)
)
)
4.23) — P(Kuw),
)
)
)
)

Since v is divergence free, the first two terms on the left hand side will be

Indeed, the Cauchy inequality shows that the term related to (4.21) is bounded by

s\w\as—l—CeZ//W”((%V)w) (v V)0 w | udmdz.

[v1<s

Now, we exchange the order of integration in z and m, and apply (4.5) to obtain

cluft, +C. [ (19l IVt m)

< elwlg, + Celolilwlg,

2+ oIV, m)l3 ) pdm

where the Sobolev inequality, |ulg < Cluls—; for any u € H5™', is invoked in the last
inequality. Similarly, the term with (4.22) will be estimated as follows due to (4.6);

e|Vnwlg, + C. Z // |07 (kmw) |*pdmdz

[vI<s

AVl + Co [ (ol eluoCm)l2 + el m)l )

IA

IN

e[ Vimwlg s + CelvlZya w5 .-
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Recall that
0, 0<b<?2,
K = (N+2/£m~m)lnf, b=2,
(N + 2km - m)(b/g —1)p'=% b>2.

Thus, we can express K as

(4.29) K = civ/pup* + cokm - m/

for some positive constat ¢; depending on N and b. We now estimate the last term
on the left hand side, by using

I (Kw)d"w = c1]|0"w|*pp* + 0 (km - maw) 0w~/
The Cauchy inequality and the embedding theorem (3.11) give

1 Z//|8Vw| VL dmd:)s—cl/|w - m) A/ pprdm

[vI<s
< [t m)Pudm +C. [ futt,.m) P
< e|Vauwlj , + Celwlg ..
Similarly,
Cs Z //|87 rm - maw)d wly/ ppFdmdr < e|Vawlg, + Ce / 07 (wm - muw)|*pdmd.
lvl<s

The last term, using (4.6) and the Sobolev inequality for k = Vv, is then bounded
by

Celv +1|w|0 st

Hence,

Z/ O (Kw)0 wdmdz| < e|V w4+ Ce(jv2y + D]wlf -

[vI<s

Now we turn to the right hand side, related to (4.24)-(4.27). The estimation is
similar to that for the left hand side. Except that here we have to assume higher

regularity of ¢ in x than that of w since / v - / V97q0"wudmdz does not vanish as

/v . /V@”w@”wudmdm. Indeed, the first two terms, related to (4.24) are bounded
by

5|w’(2),s + Csyatq‘(z),s + E|Vmw|(2),s + Cs|vmq|(2),sa
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and the other terms are estimated as follows;

2.

[vI<s

D

[v|<s

/ (v V) wpdmdz| < elwl], + Ce|v[?]qlf 1

IN

6‘Vmw|3,s + C€|U|§+1|q|g,s7

/ 3 (kmq)V 0" wpdmdz

2.

[vI<s

[ [ oo winds| < eV, + Claf,+ Colol .

We combine all estimates for sufficiently small € to obtain
1
(4.30)  Aufwlo + 5IVmwli, < Cllofin +1) (0, + (laff o + 104l 1) -
We deduce that
[ ;
0ty [ Vmold ot < 0 (il + Pl )l )
0
Replacing Fe!” by e’ leads to (4.2). O

5. COUPLED SYSTEM

In this section, we prove Theorem 1 by the fixed point argument as described in
Section 2.
We begin with a key lemma, which will be used to estimate the stress 7.

Lemma 21. Suppose that ¢ € H;lr For any € > 0 there exists C. such that

2
(5.1) ‘/(;Sl/p_ldm < C€/|¢|2udm+5/|vm¢|2udm.

Proof. For b > 2, the Cauchy-Schwartz inequality yields

‘/aﬁdm 2 < /|¢|2udm/u‘1dm-

For any € > 0, taking C, = /uldm < 00, we obtain (5.1) for b > 2.
For b < 2, we define for fixed M,

G={pe . /¢yp1dm 1, 6l < M},
It suffices to prove

= inf 2 .
l ¢1>2G/|¢’ pudm > 0

Let {¢n} C G be a sequence such that

lim /|¢n|2ﬂdm: inf/|¢|2udm.
n—00 PeG
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Since {¢,} is bounded in H }L, by embedding theorem (3.11), there exists a subsequence
{¢n, } such that

o in Hj,
Oy, — O in L2,
bn, — @ in L2..

Furthermore, since , /ﬂ* € Li* for b < 2

14
* —1 . * /“L *
/qbup dm = /¢ —p'dm
\ w
= lim /gbnk“ ﬂ*,u*dm =1
N} —00 1%
This shows that ¢* € G. On the other hand,
[ 16 Fdm < i [ 16, Pudm =1
Nj—>00
If I =0, then ¢* = 0 which is a contradiction to ¢* € G. O

The zero trace of ¢ is essential for the estimate (5.1). For the general case, i.e., for
peH i, one can only have a weaker estimate.

Lemma 22. If ¢ € HEL, then there exists C' such that

2
(5:2) [ ovian| < cpors;

Proof. For b > 2, we have

‘/gzﬁl/p_ldm
For b < 2,

2
‘/(ﬁl/p_ldm < C’g/|¢|2p_1+5dm, Cs = (/ 1/2p_1_5dm> :

We choose § > 0 small enough so that Cj is bounded. On the other hand, by (3.12)
in Lemma 9 we have

/ 62 Hdm < © / (16 + [Vd)p"2dm = C / (16 + (Voo Pudm, b <2

2
< C’/!d)ﬁudm, C ::/M_ldm< 00.

/ 6P Hdm < C / (16 + [Vnd)pdm < C / (6 + [VondP)udim, b=2.

This completes the proof. 0

We now turn to the map

F M —- M
(u,w) +— (v,w),
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and
1 /T
M = {(v,w) :sup [vf2 < Ay, sup |wlg, + —/ IV mwl§ dt < AQ} :
0<t<T 0<t<T 2 Jo

We first prove that, given vy € H3, for™' € H;L? and q € CIH;™ H}, the map F is
well defined, i.e., F(M) C M for some Ay, Ay, T.
Let (u,w) € M. It is now well known that (2.8) has a unique solution v such that

T T T
(5.3) sup |v|? —i—/ \v|§+1dt < |vo|? + C/ |u|s|v|2dt —|—/ IT|2dt, s> N/2+1.
t 0 0 0

By Gronwall’s inequality and sup |u|? < A;, we have
0<t<T

T T
(5.4) sup ]v\z —|—/ lv int < (!Uo\z —|—/ ‘T’?dt) eCVAIT,
¢ 0 0

We proceed to estimate the stress term

T T
/ mgdt:/ Z/|87T|2dxdt,
0 0

[v1<s

where using Lemma 21,

2
077> = b

/ m @ md (w + q)vp tdm
B

2

< CE/](Tyw[%dm—l—%/|07Vmw|2udm+264 ‘/qup_ldm

Using (5.2) the last term is uniformly bounded by
Cllovatt, 2, My < Clall s
Hence for (u,w) € M we obtain

T
(5.5) /0 [Tlidt < CT Ay + €Ay + CTqlt g o1 < CT(Az + [lqlfi 1 000) + €42,

where we have used the assumption ¢ € C} H;*'H),.
We choose A; as

(5.6) Ay = 2|vole,
Ay as
(5.7) As = (Jwolgs + Il 1551)e” T

for T < 1/(CV/A).

Hence, if T" and ¢ are chosen small enough so that

1
CT(Ag + lall} 1) + 42 < A,

we get

1
(58) €CmT (|U0|§ + CT(AQ + |q|%,1,s+1) + EAQ) S 6(|U0|§ + %Al) S Al.
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This together with (5.4), (5.5) gives

T
(5.9) suplof? + [ ol 1dt < A4
0

Estimate (4.2) in Theorem 19, (5.7) and (5.9) yield

1 (7
(5.10) Sl;p lwlg, + 5/ IV mwl§ dt < As.
0

So the map F is well defined in M.
Next, we show that F is a contraction mapping for small enough T using a weak
norm on M, i.e.

1 T
(.11 I(00) R = sup ol + sup oy + 5 [ [Vl
0

Suppose that v;(i = 1,2) are solutions of the NSE (2.8) with u;(i = 1,2) and 7;(i =
1,2) computed from w;(i = 1, 2) respectively. Then we obtain
(5.12) O+ (ug - Vo + (u-V)uy +Vp=V -7+ Av, v(0,-) =0,

where v = vo—v1,u = Us—U1,p = po—p1, T = To—71 and w = wy—w;. Multiplication
by v to (5.12) and integration with respect to x yield

;$|U|o /(U'Vvl)vdffz —/TVvdx—/|Vv|2da:.

d
U6+ 1Volg < Julg+ I7[5 + sup [Ver ol

Hence

(5.13) < |ulp + |73 4 Aglvl3.

Let f; be the solutions to (2.9) associated with v;(i = 1,2). Then

w = (f2 — fl)Vil =: Wy — Wy

solves

(5.14a) Oywp + vy - Vwp + Lyjw] = —v - Vwypu — Vi, (vawlu)’g
(5.14b) w(0,z,m) =0,

(5.14¢) w(t,z,m)|op =0,

where Low] = L[w] defined in (3.5) with k = Vwy. Note that w;|sp = ¢los, i-e.

wi(t,,-) € Hy, so w(t,z,-) € H,.
We deduce from (5.14a) that

1d 1
2dt|w|00 §|Vmw|ao //|V?}2m Vmwuw|dmd:p+//|Kw2|dmdx

/\v /lew,udm|dx+/’/ vawll/)'uwdm dx.
v

Similar to that led to (4.2), first two terms on the right hand side are bounded by

Ce([vals + Dwlgo + el Vimwlp,
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and the third term

/|v-/Vw1wpdm|dx < C’/|v|2/|Vw1|2,udmdx+//|w|2udmdx

< Clofglunlg s + lwloo-

The last term, using integration by parts with vanished boundary term due to Lemma

20, is bounded by
dr = / ‘/V'z}mwly -V (Hw> dm
v

< Ce|Vofglwifg s + e[ Vimwlg -
Putting all together we have

/Vm . (vawll/)gwdm dx

d 1
Zlwlio+5IVmwlsy < Cluald + Diwlge + Clunlg (vl + [Volg)
< ClA+ Dwlgo + CAs(fvlg + [Vol)-

Substitution of the estimates of |[Vo[3 and 4|v|2 in (5.13) gives

d 1
(5.15) = (vlo + |wlio) + 51 Vmwlgo < D([0fg + [wlg,e) + Dlulg + DI,

where D is a large constant depending on C, Ay, As, for example we may choose
D=C(A +1)(Ay+1).

The Gronwall inequality gives

1 T* T*
sup((og + o) + 5 [ [Vawldodt < De? [ juf + el

for any 0 < T < T. Due to the similar estimate for 7 as (5.5), the right hand side is
bounded by

T*
DePT (T* sup |uly + C.T* sup |@|f o + 5/ |Vmw]§’0dt> :
¢ t 0

1 1
We choose ¢ = W’ T = lel’l {T, W} and redefine T' = T™ to
obtain
1
(5.16) (02, ws) = (1, 1) [3g = (0, w)Iag < 51l 2) = (w1, @) [[aa-

This shows that F has a fixed point (v, w) in M, which is a solution to the coupled
problem (2.1). Since F (v, w) = (v, w), (5.3) and Theorem 13 imply that (v, w) € X,,.
The uniqueness follows from the same computation of estimates for the contraction

mapping. Let (v, f;v~1) (i = 1,2) be solutions of the coupled problem (2.1). Then
v = vg — vy solves (5.12) with u; = v;, v = v, and 7 = 75 — 71 computed from f;.
w = (fa — f1)r~" also solves (5.14) with w; = fi~!. Similar to (5.15), we obtain

d 1

(106 +[wlo) + 5IVmwlse < D(Jvls + [wlse + I7[5).
It follows from the estimate for 7 and Gronwall inequality that (v, w) = (0,0), which
gives the uniqueness of problem (2.1).
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6. A FURTHER LOOK AT b > 6

In this section, we sketch proofs of Theorem 2 and Theorem 4 for the case of p = p.
Consider (2.9) when z is not involved, i.e., (3.1). The corresponding w-problem for
w = fv~t —q with g = pg solves (3.3) with the operator L replaced by

1 1
(6.1) Lo[w] = —§V - (Vwpg) + (2 — §b — 9) m - Vwp’ + V- (kmwpg) — Kow,

where

(6.2) Ko = [N(b/2 1) +2xm - m(1 —0)] p .

Define the conjugate of jg as (3.10), uf = p~2, then Kj can be rewritten as
(6.3) Ko =[N(b/2 — 1) + 26m - m(1 — 0)]\/ o

To ensure well-posedness of (3.3), we need to check the coercivity of By|w, w;t],
which is defined as

1 1
5 / \Vw|*podm = Bolw, w; t] — <2 — §b — 6’) /m - Vwwp’ dm

—/V~(mmwug)wdm+/Kow2dm.

From the proof of Lemma 10, the last two terms are bounded by

c. / W piodm + & / Vol aodm,

where the embedding theorem (3.11) has been used. For small enough ¢, this estimate
yields

1
Z/|Vw|2y0dm < Bolw, w; t] +C’/w2u0dm,

/ (2 - %b — (9) m - wapefldm >0,

as long as

forwe H }LO. This is indeed the case, as shown below.
Lemma 23. Let w € H), . Then

(6.4) /(2 — %b — )m - Vwwp’'dm > 0.

Proof. From —1 < 6 <1 and b > 6, we see that (2 —0/2 —6) < 0. It suffices to show
1
/m - Vwwp’tdm = 5 /m -Vw?p’tdm < 0.
Integration by parts gives

/m Vs’ Hdm = — /wQ(Np"‘1 +2(1 = 0)|m|*p"?)dm + / w’p’tm - %dS
OB

< Vb prefldS =0.

0B



THE FENE DUMBBELL MODEL OF POLYMERIC FLUIDS 29
Here we use the fact that w?p?~t € Wbl and w?p?~t|s5 = 0. To see this, for any

wGH1

o> We estimate

/ 2071 LIV (w2 N |dm < /w2p9 U 2lwVaw|p?~t + 2(1 — 0)|mw?|p2dm

C/wZ\/uouSJr |w|[Vwl|\/pops + w?pgdm

< Clul, .

IN

due to the embedding theorem (3.11). Thus w?p’~tsp € LY(OB) from the trace
theorem and it is zero from the fact that C2° is a dense subset of H), . Thus (6.4)
follows. 0

We now turn to the FPE problem including z-variable. The first step in the proof
of Theorem 19 remains valid for ;4 = pg. To check the second part of the proof, we
need only look at two extra terms beyond those in (4.28).

The first term is non-positive from Lemma 23, and the second term is bounded by
C '/ m - meqpe_lmwdm‘ < C’E/|Vm87q|2,uodm+e/ 07wl dm.

These ensure the same estimate (4.30) and thus (4.2).
For the well-posedness for the coupled problem, we utilize # < 1 and Lemma 23.
For example, for the proof of Lemma 21 with g

[ ovomtamf? = [ odmp < [ Puodn [ 5t

Since § < 1 we have [ ug'dm < oo, hence (5.1). Verification of other terms is omitted.
The remaining is to show Theorem 4, the solution f is a probability distribution if

and only if g|lsp = 0 for u = pg, Positivity of f follows as in Proposition 16. For the

conservation of mass, as in Proposition 17, we only have to check (3.30),

/ (wem — Vw - Vo.v)dm — / wp??V o, - V(vp~?)dm.
Since 1% /g = p*>? and 2 — 0 > 1

c / V. |?p?~0dS
2 JoB,

converges to 0 as ¢ — 0. Thus the first term converges to 0 as well. On the other
hand, the same argument shows that the second term converges to C' qdS for

OB
some nonzero constant C. Hence, we conclude Theorem 4 under the assumption of
Theorem 2.
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7. CONCLUSION

In this paper, we have analyzed the FENE dumbbell model which is of bead-
spring type Navier-Stokes-Fokker-Planck models for dilute polymeric fluids, with our
focus on developing a local well-posedness theory subject to a class of Dirichlet-type
boundary conditions

frl=q ondB

for the polymer distribution f, where v depends on b > 0 through the distance
function, and ¢ is a given smooth function measuring the relative ratio of f/v near
boundary. We have thus identified a sharp Dirichlet-type boundary requirement for
each b > 0, while the sharpness of the boundary requirement is a consequence of the
existence result for each specification of the boundary behavior. It has been shown
that the probability density governed by the Fokker-Planck equation approaches zero
near boundary, necessarily faster than the distance function d for b > 2, faster than
d|lnd| for b = 2, and as fast as d”/? for 0 < b < 2. Moreover, the sharp boundary
requirement for b > 2 is also sufficient for the distribution to remain a probability
density.
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