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Outline

¢ Exact factorization of the electron-nuclear wavefunction
and trajectory-based scheme!

¢ Nuclear dynamics (TDSE) by Hamilton-Jacobi (with
guantum potential) and the continuity equation for the
nuclear density!

¢ The approximate algorithm:!

* nuclear density as the sum of travelling Gaussians!
+ Hamilton-Jacobi by the method of characteristics!

¢ An illustrative example for two phenomena:!

+ an adiabatic tunnelling process!
+ a strong non-adiabatic process
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Exact factorization

A. Abedi, N. T. Maitra, E. K. U. Gross, Phys. Rev. Lett. 105 (2010) 123002; J. Chem. Phys. 137 (2012) 22A530.



Exact factorization of the electron-nuclear wavefunction
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A. Abedi, N. T. Maitra, E. K. U. Gross, Phys. Rev. Lett. 105 (2010) 123002; J. Chem. Phys. 137 (2012) 22A530.
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Exact factorization of the electron-nuclear wavefunction
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A. Abedi, N. T. Maitra, E. K. U. Gross, Phys. Rev. Lett. 105 (2010) 123002; J. Chem. Phys. 137 (2012) 22A530.
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Nuclear dynamics via
Hamilton-Jacobi and
continuity equations

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).



The polar form of the nuclear wavefunction

'S(R.1)

l (R,t)exp T

X(R,t) =

the nuclear time-dependent Schrsdinger equation becomes

Hamilton-Jacobi equation with quantum potential
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F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Hamilton-Jdacobi and the method of characteristics

F(S,! S, &, R,t)! F(S,P,E,R, )= E+H(P,R,t)=0

\ 4

dF = Fs S+ Fp P+ FrE+Fg -R+Et=0

l.e., orthogonality of the general gradient of F and the
parametric equations of the Hamilton-Jacobi characteristics
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F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Hamilton-Jdacobi and the method of characteristics

1 P+ A(R,T)

fl, =1 p Hy = 0 |

) ) " | ! |!2

P‘!:!!R!Hn:!!R! I![.zl\-/ll_!,!b\-]!(!-l-Q)
N,

d=  pa W ARD,

| =1 M

The solution of the Hamilton-Jacobi equation, S(R,t), is obtained by
Integrating the ODEs for an inPnite number of initial conditions, to
determine the value of S at time t and position R, thus obtaining S(R,t).

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Nuclear density as
travelling Gaussians



Nuclear density and quantum potential
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S. K. Min, F. Agostini, E. K. U. Gross, Phys. Rev. Lett., 115 (2015) 073001.
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lllustrative examples

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).



lllustrative model

Vi (R) = aR°+ bR+ ¢
with a=1.0au,b=3.5au,c=3.0625au,
d=1.0au (set 1), 0.25 au (set 2)

& eigenvalues and eigenvectors

E: (R) = V+(R)+2V! =1 % (Vi (R)! Vi (R))” +4d?
R = N(R) [#"+ E: (R) !d Vi (R) "

!
N(R)= d/ d2+(E.(R)! V. (R))?

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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lllustrative model

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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lllustrative model: exact quantum dynamics

INITIAL CONDITION

! +(R,t:O) _ $_ (R!RE)))Z |
' (R, t =0) 4 w_ze! 212 @r Po(R! Ro)

with Rgp =" 1.75au," =0.2 au,
Po =90.0 au (set 1), 1500 au (set 2)

FULL EVOLUTION OPERATOR

e e
with dt = 0.1 au

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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lllustrative model: exact quantum dynamics

using Pauli matricesE

. Vu(R) '(R)+ "(R) = V4 (R)
i (R) = d Vi (R) & 1(R)! "(R)= Vi (R)
=1 (R)Bx + #(R)B, + $(R)F #(R) = d

E the action of the evolution operator containing the electronic Hamiltonian is
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lllustrative model: trajectory-based quantum dynamics

from the electronic equation
of the exact factorization

\ 4

derivation of
ODEs for the
electronic wavefunction

\ 4

Runge-Kutta algorithm to evolve

I R + (1)
I r1 (1)

from the nuclear equation
of the exact factorization

\ 4

solution per characteristics
of the quantum Hamilton-Jacobi
equation

\ 4

Velocity-Verlet algorithm to evolve

R(t), P(1)

S. K. Min, F. Agostini, E. K. U. Gross, Phys. Rev.
Lett., 115 (2015) 073001.

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B,
special issue in honour of Hardy Gross (accepted).
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lllustrative model: trajectory-based quantum dynamics

from the electronic equation from the nuclear equation
of the exact factorization of the exact factorization
derivation of solution per characteristics
ODEs for the of the gquantum Hamilton-Jacobi
electronic wavefunction equation

COUPLED-TRAJECTORY MIXED QUANTUM-CLASSICAL
(WITH QUANTUM POTENTIAL)

Runge-Kutta algorithm to evolve Velocity-Verlet algorithm to evolve

I R + (1)
' rot (1)

R(t), P(t)

S. K. Min, F. Agostini, E. K. U. Gross, Phys. Rev. F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B,
Lett., 115 (2015) 073001. special issue in honour of Hardy Gross (accepted).
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Adiabatic tunnelling process
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exact
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F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Adiabatic tunnelling process
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Snapshots at t = 50,100,140 au (from left to right) of the nuclear densitL

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Strong nonadiabatic process

CT-MQC
this work s
exact w—
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Population of the two electronic adiabatic states considered in the process

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Strong nonadiabatic process

(R, )= "+ (R, )P+ "1 (R, D)

S | |
CT-MQC
this work
4 exact w— —
>
2
53 | :
S
@
2 - — —
O
S
-
1 | 1 ]
|

R (a.u.) R (a.u.) R (a.u.)

Snapshots at t=20,40,60 au (from left to right) of the nuclear densitt

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Conclusions & Perspectives

¢ The zero order estimate of nuclear dynamics can describe
gualitatively the tunnelling e$ect!

¢ An iterative reconstruction of the nuclear dynamics could
permit to solve exactly the nuclear guantum evolution!

¢ Non-adiabatic e$ects are well reproduced!

¢ The computational cost still prohibitive is forbidding
challenging applications. However, fast processes (like
photo-excitations) and small molecules may give an
Interesting starting point
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