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Outline

Exact factorization of the electron-nuclear wavefunction 
and trajectory-based scheme!

Nuclear dynamics (TDSE) by Hamilton-Jacobi (with 
quantum potential) and the continuity equation for the 
nuclear density!

The approximate algorithm:!

nuclear density as the sum of travelling Gaussians!
Hamilton-Jacobi by the method of characteristics!

An illustrative example for two phenomena:!

an adiabatic tunnelling process!
a strong non-adiabatic process



Exact factorization

A. Abedi, N. T. Maitra, E. K. U. Gross, Phys. Rev. Lett. 105 (2010) 123002; J. Chem. Phys. 137 (2012) 22A530.
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Exact factorization of the electron-nuclear wavefunction
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! (r , R , t)

contains electronic kinetic energy!
and all interaction potentials

! (r , R , t) = " R (r , t)! (R , t)EF

A. Abedi, N. T. Maitra, E. K. U. Gross, Phys. Rev. Lett. 105 (2010) 123002; J. Chem. Phys. 137 (2012) 22A530.
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Exact factorization of the electron-nuclear wavefunction

partial normalization 
condition

electron-nuclear 
coupling operator

time-dependent 
vector potential

time-dependent 
potential energy#

surface

!
dr |! R (r , t)|2 = 1 ! R , t

A. Abedi, N. T. Maitra, E. K. U. Gross, Phys. Rev. Lett. 105 (2010) 123002; J. Chem. Phys. 137 (2012) 22A530.
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! [! R ;R , t] = ! ! R (t)| ĤBO + Ûen " i ! " t |! R (t)#r
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Nuclear dynamics via  
Hamilton-Jacobi and  
continuity equations

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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The polar form of the nuclear wavefunction

the nuclear time-dependent Schršdinger equation becomes
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Hamilton-Jacobi equation with quantum potential

! tS = �
!

!

[r! S + A! ]2

2M!
�

"

" +
!

!

�! 2

2M!

r2
!

p
!p

!

#

! t ! = �
!

!

r! á
$

!
r! S + A!

M!

%

<latexit sha1_base64="Rd0zM7i6hkHiTHZXvXljSay5z4c="></latexit><latexit sha1_base64="Rd0zM7i6hkHiTHZXvXljSay5z4c="></latexit><latexit sha1_base64="Rd0zM7i6hkHiTHZXvXljSay5z4c="></latexit><latexit sha1_base64="Rd0zM7i6hkHiTHZXvXljSay5z4c="></latexit>

continuity equation
quantum 
potential

 nuclear 
probability 

current

Q(R , t)
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F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Hamilton-Jacobi and the method of characteristics

F (S, ! S, St , R , t) ! F (S,P, E, R , t) = E + H (P, R , t) = 0
<latexit sha1_base64="rEFulDM5M0hZdEde9AAUgzvQsg0="></latexit><latexit sha1_base64="rEFulDM5M0hZdEde9AAUgzvQsg0="></latexit><latexit sha1_base64="rEFulDM5M0hZdEde9AAUgzvQsg0="></latexit><latexit sha1_base64="rEFulDM5M0hZdEde9AAUgzvQsg0="></latexit>

dF = FS Ṡ + FP · Ṗ+ FE E + FR · Ṙ+ Ft ṫ = 0
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i.e., orthogonality of the general gradient of F and the 
parametric equations of the Hamilton-Jacobi characteristics

! R ! F (P, St , R , t) = ! R ! H (P, R , t)

! t F (P, St , R , t) = ! t H (P, R , t)

! P! F (P, St , R , t) = ! P! H (P, R , t)

! E F (P, St , R , t) = 1

! SF (P, St , R , t) = 0 ,
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úE = Ft = ! ! t H
úS = FP á úP + FE E
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! = 1, É, N n

trivial

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Hamilton-Jacobi and the method of characteristics
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The solution of the Hamilton-Jacobi equation, S(R,t), is obtained by 
integrating the ODEs for an inÞnite number of initial conditions, to 

determine the value of S at time t and position R, thus obtaining S(R,t). 

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).



Nuclear density as 
travelling Gaussians

S. K. Min, F. Agostini, E. K. U. Gross, Phys. Rev. Lett., 115 (2015) 073001.
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Nuclear density and quantum potential
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G"I,# is a normalized Gaussian centered at R#(I)(t) with variance " I related to the number of 
trajectories R#(J)(t) falling in a sphere of given (small) radius centered at R#(I)(t)

TO NOTE: the initial conditions are sampled 
from the chosen density at t=0 and so the 
weight is far from uniform Ñ larger weights in 
the regions of high probability at t=0 
(a concession to semiclassical approximation)

S. K. Min, F. Agostini, E. K. U. Gross, Phys. Rev. Lett., 115 (2015) 073001.
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Illustrative examples

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Illustrative model

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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eigenvalues and eigenvectors

V± (R) = aR2 ± bR + c

with a = 1 .0 au, b= 3 .5 au, c = 3 .0625au,

d = 1 .0 au (set 1), 0.25 au (set 2)
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Illustrative model
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F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).
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Illustrative model: exact quantum dynamics

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).

|! (R, t = 0) ! = 4

!
1

!" 2 e! ( R ! R 0 ) 2

2 ! 2 e
i
! P0 (R ! R 0 ) |" ; R!

with R0 = " 1.75 au, " = 0 .2 au,

P0 = 90.0 au (set 1), 150.0 au (set 2)
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INITIAL CONDITION

FULL EVOLUTION OPERATOR
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Illustrative model: exact quantum dynamics

öHel (R) =
!

V+ (R) d
d V! (R)
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= ! (R)ö" x + #(R)ö" z + $(R) öI
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using Pauli matricesÉ 

É the action of the evolution operator containing the electronic Hamiltonian is 
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! (R) ! " (R) = V! (R)
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Illustrative model: trajectory-based quantum dynamics

from the  electronic equation  
of the exact factorization

from the nuclear equation  
of the exact factorization

derivation of  
ODEs for the  

electronic wavefunction

!
! R ,+ (t)
! R ,! (t)

"
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Runge-Kutta algorithm to evolve

solution per characteristics  
of the quantum  Hamilton-Jacobi 

equation

Velocity-Verlet algorithm to evolve

R (t), P(t)
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from the electronic equation  
of the exact factorization

from the nuclear equation  
of the exact factorization

derivation of  
ODEs for the  

electronic wavefunction

!
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Runge-Kutta algorithm to evolve

solution per characteristics  
of the quantum  Hamilton-Jacobi 

equation

Velocity-Verlet algorithm to evolve

R (t), P(t)
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COUPLED-TRAJECTORY MIXED QUANTUM-CLASSICAL 
(WITH QUANTUM POTENTIAL)

Illustrative model: trajectory-based quantum dynamics

S. K. Min, F. Agostini, E. K. U. Gross, Phys. Rev. 
Lett., 115 (2015) 073001.

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, 
special issue in honour of Hardy Gross (accepted).



G. Ciccotti Quantum nuclear e!ects"19

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).

 0

 0.1

 0.2

 0.3

 0  50  100  150

tr
an

sm
is

si
on

 p
ro

ba
bi

lit
y

time (a.u.)

CT-MQC
(10000 trajs)

(100 trajs)
this work

exact

Transmission probability across the barrier of the ground-state potential.

Adiabatic tunnelling process

T(t) =
! + !

0
! (R , t) dR

<latexit sha1_base64="xLJIfqkS68zp5jk03jROw/AZPp4=">AAACIHicbVBNSwMxEM3Wr1q/Vj16CRahRSm7IuhFED3osYrVQreWbJptQ5PskswKZelP8eJf8eJBEb3przGtRbT6IPDy3gwz88JEcAOe9+7kpqZnZufy84WFxaXlFXd17crEqaasRmMR63pIDBNcsRpwEKyeaEZkKNh12DsZ+te3TBseq0voJ6wpSUfxiFMCVmq5+5clKONDHHAFLe8m27Ykgv4AB6dESlIKJIFuGOGLHSgHO+3vb8stehVvBPyX+GNSRGNUW+5b0I5pKpkCKogxDd9LoJkRDZwKNigEqWEJoT3SYQ1LFZHMNLPRgQO8ZZU2jmJtnwI8Un92ZEQa05ehrRwuaCa9ofif10ghOmhmXCUpMEW/BkWpwBDjYVq4zTWjIPqWEKq53RXTLtGEgs20YEPwJ0/+S652K75X8c/3ikfH4zjyaANtohLy0T46QmeoimqIojv0gJ7Qs3PvPDovzutXac4Z96yjX3A+PgGOyaFg</latexit><latexit sha1_base64="xLJIfqkS68zp5jk03jROw/AZPp4=">AAACIHicbVBNSwMxEM3Wr1q/Vj16CRahRSm7IuhFED3osYrVQreWbJptQ5PskswKZelP8eJf8eJBEb3przGtRbT6IPDy3gwz88JEcAOe9+7kpqZnZufy84WFxaXlFXd17crEqaasRmMR63pIDBNcsRpwEKyeaEZkKNh12DsZ+te3TBseq0voJ6wpSUfxiFMCVmq5+5clKONDHHAFLe8m27Ykgv4AB6dESlIKJIFuGOGLHSgHO+3vb8stehVvBPyX+GNSRGNUW+5b0I5pKpkCKogxDd9LoJkRDZwKNigEqWEJoT3SYQ1LFZHMNLPRgQO8ZZU2jmJtnwI8Un92ZEQa05ehrRwuaCa9ofif10ghOmhmXCUpMEW/BkWpwBDjYVq4zTWjIPqWEKq53RXTLtGEgs20YEPwJ0/+S652K75X8c/3ikfH4zjyaANtohLy0T46QmeoimqIojv0gJ7Qs3PvPDovzutXac4Z96yjX3A+PgGOyaFg</latexit><latexit sha1_base64="xLJIfqkS68zp5jk03jROw/AZPp4=">AAACIHicbVBNSwMxEM3Wr1q/Vj16CRahRSm7IuhFED3osYrVQreWbJptQ5PskswKZelP8eJf8eJBEb3przGtRbT6IPDy3gwz88JEcAOe9+7kpqZnZufy84WFxaXlFXd17crEqaasRmMR63pIDBNcsRpwEKyeaEZkKNh12DsZ+te3TBseq0voJ6wpSUfxiFMCVmq5+5clKONDHHAFLe8m27Ykgv4AB6dESlIKJIFuGOGLHSgHO+3vb8stehVvBPyX+GNSRGNUW+5b0I5pKpkCKogxDd9LoJkRDZwKNigEqWEJoT3SYQ1LFZHMNLPRgQO8ZZU2jmJtnwI8Un92ZEQa05ehrRwuaCa9ofif10ghOmhmXCUpMEW/BkWpwBDjYVq4zTWjIPqWEKq53RXTLtGEgs20YEPwJ0/+S652K75X8c/3ikfH4zjyaANtohLy0T46QmeoimqIojv0gJ7Qs3PvPDovzutXac4Z96yjX3A+PgGOyaFg</latexit><latexit sha1_base64="xLJIfqkS68zp5jk03jROw/AZPp4=">AAACIHicbVBNSwMxEM3Wr1q/Vj16CRahRSm7IuhFED3osYrVQreWbJptQ5PskswKZelP8eJf8eJBEb3przGtRbT6IPDy3gwz88JEcAOe9+7kpqZnZufy84WFxaXlFXd17crEqaasRmMR63pIDBNcsRpwEKyeaEZkKNh12DsZ+te3TBseq0voJ6wpSUfxiFMCVmq5+5clKONDHHAFLe8m27Ykgv4AB6dESlIKJIFuGOGLHSgHO+3vb8stehVvBPyX+GNSRGNUW+5b0I5pKpkCKogxDd9LoJkRDZwKNigEqWEJoT3SYQ1LFZHMNLPRgQO8ZZU2jmJtnwI8Un92ZEQa05ehrRwuaCa9ofif10ghOmhmXCUpMEW/BkWpwBDjYVq4zTWjIPqWEKq53RXTLtGEgs20YEPwJ0/+S652K75X8c/3ikfH4zjyaANtohLy0T46QmeoimqIojv0gJ7Qs3PvPDovzutXac4Z96yjX3A+PgGOyaFg</latexit>



G. Ciccotti Quantum nuclear e!ects"20

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).

Adiabatic tunnelling process
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Strong nonadiabatic process
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G. Ciccotti Quantum nuclear e!ects"22

Strong nonadiabatic process

F. Agostini, I. Tavernelli, G. Ciccotti, Eur. J. Phys. B, special issue in honour of Hardy Gross (accepted).

Snapshots at t=20,40,60 au (from left to right) of the nuclear density.
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Conclusions & Perspectives

The zero order estimate of nuclear dynamics can describe 
qualitatively the tunnelling e$ect!

An iterative reconstruction of the nuclear dynamics could 
permit to solve exactly the nuclear quantum evolution!

Non-adiabatic e$ects are well reproduced!

The computational cost still prohibitive is forbidding 
challenging applications. However, fast processes (like 
photo-excitations) and small molecules may give an 
interesting starting point
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