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Abstract: In this paper, we study the global well-posedness of the Navier-Stokes equations with free bound-
ary under the surface tension and gravity in three dimensions. For simplicity, we take a moving domain of finite
depth, bounded above by free surface and bounded below by a solid flat bottom. We show that there is a unique,
global-in-time solution provided that the initial velocity and the initial profile of the surface are sufficiently small
in Sobolev spaces. The main result of this paper is the continuity of the solution at ¢ = 0, with initial data of lower

regularities. In Appendix, we present local well-posedness results to the problem without surface tension.

1. INTRODUCTION

This paper is concerned with the incompressible Navier-Stokes equations with free boundary:

(Ut—i—v'vv—pAU—FVPZO in
V-v=0 in

(NSF){ v=0 on Sg

N = vz — 010, — v20,m on Sg

pni = p(viy +vj)n; + (gn — BV - (\/%))ni on Sp

\

where Q;, = {(x,y,2) : =b < z < n(x,y,t)} with two boundaries Sp = {(x,y,2) : z = n(z,y,t)}
and Sp = {(z,y, 2) : z = —b}. Here, b is a constant, n = (ny, ng, n3) is the outward normal vector
on Sg. u is the viscosity, g is the gravitational constant, and (3 is the constant of surface tension.
We normalize all the constants by 1. (We follow the Einstein convention where we sum upon
repeated indices. Subscripts after commas denote derivatives.) The above system of equations
describes the evolution of the free surface and the velocity field defined in €2;. We specify the

initial compatibility conditions on the initial velocity field vy.

{<U0)7;7j + (Uo)j,i}tan =0 on SF
V Vo = 0 in QO

1o=0 on Sp

where (tan) means the tangential component. The first condition comes from the pressure on the
boundary. The boundary condition at the bottom is that the boundary is impenetrable: v = 0
which is the boundary condition of the Navier Stokes equations on a fixed domain. This is crucial
in order to obtain global-in-time results. We can apply Poincare inequality to control lower order
terms by using higher order terms. On the free surface Sp = {(z,y, 2); 2 = n(x,y,t)}, we have

three boundary conditions.



e The Kinematic Condition: We represent the free boundary by d(x,y, z,t) = z — n(z,y,t) = 0.
Since (0; + v - V) is tangential to the boundary, (0, + v - V)(z — n(z,y,t)) = 0. Therefore,
M = V3 — V10,1 — v20yN.
e The Shear Stress Boundary Condition: ¢ -7 -7 = %(tA Vv -h+n-Vo-t) =0, where t is any
tangential vector on the boundary and n is the outgoing unit normal vector on the boundary given
- 1

= ——(- — 1).
by n \/W( @m, ay77> )
e The Normal Force Balance: pn; = (v;; +v;;)n; + nn; — V - (ﬁ)ni
As a starting point, we usually assume that the flow is irrotational in the case of the Euler
equations. The fluid motion is described by a velocity potential which is harmonic. We reduce the
system into a system where all the functions are evaluated at free surface. But, in the case of the
Navier-Stokes equations, it is impossible to assume that the flow is irroatational. The shear stress

condition implies that the tangential part of the vorticity on the boundary satisfies
wr=w—(w-n)n=-2nxVo-n=-2nxV)-(n-v)+2u;((nx V)n,)

where 1 X V = (n20, — n30y, n30y — n10,, 110, — n20;) is the tangential derivative. This means
that vorticity develops at the free surface whenever there is relative flow along a curved surface.
This condition prevents a viscous flow from being ir-rotational. The normal part is related to
the curvature of the surface. It is evident in two dimensional flow. In a local coordinate system,
w=n-Vv-t—t-Vu-n. So, from the shear stress condition, we may rewrite w as

ov 0 on 0

w:—Zf-Vv-ﬁ:—2%-6:—2£(v-ﬁ)+2u-—:—2—(v-ﬁ)+2(v-f)/f

where x is the curvature of the surface. See [9].

There are several papers dealing with the free boundary problem with surface tension. In [3],
Beale studied the motion of a viscous incompressible fluid contained in a three dimensional ocean
of infinite extent, bounded below by a solid floor and above by an atmosphere of constant pressure.
He established the global existence and regularity theorem by taking into account surface tension.
His approach is to transform the problem to the equilibrium domain in a way depending on the
unknown 7. The entire probelm can be solved by iteration in K”. (For the definition of parabolic-
type Sobolev spaces K", see [3].) In a bounded domain, Coutand-Shkoller [5] used energy methods
to establish a priori estimate which allows to find a unique weak solution to the linearized problem
in the Lagrangian coordinates. Then, they proved regularity of the weak solution and established
the a priori estimates from which they applied the topological fixed point theorem. With addi-

tional regularity of v;, uniqueness followed.

When there is no surface tension, Beale [2] answered to two questions. First, he wrote the problem

in the Lagrangian formulation so that the domain of the unknowns is fixed in time. He showed the



local well-posedness for arbitrary initial data with certain regularity assumptions. The second issue
is that for any fixed time interval, solutions exist provided the initial data are sufficiently close to
equilibrium. In this case the domain is transformed to the equilibrium domain with flat boundary.
Estimates are obtained for the linear problem in which the effect of the change of variables is
ignored. The correction terms are then estimated. The contraction mapping theorem is used to
obtain the solution. Along the same lines as [3], Lynn-Sylvester [8] showed that viscosity alone will
prevent the formation of singularities so that solutions exist globally in time, even without surface

tension. Since we are working with the same context of Beale’s paper, we present his result here. [3]

THEOREM 1: Suppose r is chosen with 3 < r < I. There exists § > 0 such that for vy and

2
no satisfying |no|mr(r2) + [vol < 60 and the compatibility conditions, the problem has a

2 ()
solution v, 1 and p, where n € K r+3 2(R?* x R") and v and p are restrictions to the fluid domain €,

of functions defined on R* x R, with v € K"(R* x R*) and Vp € K" ?(R® x R").

Time regularity of Beale’s solution: Let r = 3+ 9. v € K" implies that v € HEH;_S.
This is embedded in CyH, ®if s > 1. Set s =1+¢€. Then, r — s = 2+ J — e. But, the initial data
isin H™=2 and r — % > 2+ 0 — €. Therefore, the solution is not continuous in time with values in
H™= 3. Alternatively, we can use Proposition 3.1 to show this discrepancy of the regularity of the
velocity field. v € L?H! and v, € L?H.~? implies that v € C;H!~!, but the initial data is in H 2

so we lose half a derivative.

In this paper, we establish a priori estimate without transformation of the domain to a fixed
domain. Since the moving domain is not translation invariant in the spatial variables, we cannot
take usual derivatives to the equation in order to obtain bounds of higher regularities. Instead, we
act a second order operator differential A to the equation which is derived from the new expression
of the equation. By taking the projection P onto the divergence free vector field,

IP’(Dtv)+Av+V%(n-T-n)+V%”(n—V-(L =0

V1+ !VHP))

where Aw = —PAw + Vi€ (n - T, -n). We will act the operator A to obtain bounds of higher

derivatives of v. The new equation is a sum of linear and derivative quadratic nonlinear parts:

V|V

V1+ V214 /1 +[Vn?)

From this equation, regularities of 1 are determined by the pre-assigned regularity of the velocity

v+ Av+ VA (n— LDon) = =PV - (v @v) + VI

field. Regularity of the velocity field is determined by the second order differential operator A. We
can do the integration by parts because the nonlinear terms are derivatives. We define a norm of

v, 1 as

(v, Mllx = |v|eeemz + V|22 + nlogens + VI (= Fn)| 2 + |vel 2



where F(n) =V - (ﬁ). Since the nonlinear terms are quadratic, we have the following esti-

mate in Q: ||(v,7)||x < |volwz+|m0lws+]1(v,n)||%. Unfortunately, we cannot perform the iteration
directly in €2; because the domain is moving. Traditionally, we fix the domain by the Lagrangian
map. We solve the following ODE to obtain the Lagrangian map : Z—f =uv(t,z), x(0)=y. This
is based on L] estimate of the velocity. But, we have L or L? estimates of the velocity if we do
the energy estimates. So, we only expect local in time results. In order to fix the domain, we will
make use of Beale’s method [3]. We transform the physical domain to the equilibrium domain.

The transformed system of equations is given as

((w,— Aw+Vg=f in Q

V-w=0 in

(LNSF)q wis+ws; =g; on {z=0}

q=ws3+ fot ws(s)ds — Do f(f ws(s)ds + g3 =ws3+n—ADon+gs on {z=0}
w=wy at t=0, n=w3 on {z=0}, w=0 on {z=-1}

\

where Q = {(z,y,2) : —1 < z < 0} and (f, g) are quadratic nonlinear terms. We will prove that
the above system has a unique weak solution in L?. Then, we will establish the regularity of the
weak solution by taking tangential derivatives to the equations under more regular initial data and
external forces. Regularities of the solution are well matched with the regularities in the a priori
estimate in €2;. By writing the nonlinear terms explicitly, we can apply the contraction mapping
theorem to the problem. The main difference from [2],[3] is that we obtain L{° bounds on the
velocity field and the surface profile so that we do not need to use parabolic-type Sobolev spaces

K" in our estimates. Continuity in time follows using compactness argument.

THEOREM 2: Suppose vy € H? and ny € H3. If initial data are sufficiently small, then there is a

unique, global-in-time solution v, 7, and the pressure p such that
Wleumz + VU pzaz + [0leems + VI (n — F(0))|zmy + 10002 + [Vplrem S e
where € = ”Uo|H2 + ’7]0‘}[3.

Remark: From the energy bound of the boundary, it seems that n satisfies that

m=—=l&n+v-Vn---

But we do not know that this is a good approximate equation to the boundary profile.

This paper is organized as follows. In Chapter 2 of the paper, we establish the a priori esti-
mate in the moving domain by using the energy method. In Chapter 3, we prove the existence and
uniqueness by iteration argument. In Chapter 4, we solve the transformed system of equations.

In Chapter 5, we give the proof of Proposition 2.2 with some Lemmas. In Chapter 6, we prove



Proposition 2.3, Proposition 2.4, and Proposition 2.5. We need two lemmas to estimate v;. In
Chapter 7, we present the change of variables which is used in Chapter 3. In Appendix, we prove

the local well-posedness for the incompressible Naiver Stokes equations without surface tension.

Notations: We follow the Einstein convention where we sum upon repeated indices. Subscripts
after commas denote derivatives.

e (T,) is a deformation matrix such that (T},);; = 3 (w;; + w;;).

o <u,u>=1 [0 (w4 uj;)(uij + uj;)dV

e 7 is the harmonic extension operator which extends functions defined on Sp to H! harmonic
functions on € with zero Neumann boundary condition on Sp. Sometimes we denote by f.

e A < B means there is a constant C' which only depends on |ny|ys such that A < CB.

e A< B+ %D means there is a constant C' such that A < C'B + %D. These inequalities come
from Young’s inequality.

e 7 is the restriction operator onto a surface.

e V( means a tangential derivative Vo =V, . Similarly, Ay = A, .

e ¢ > (0 represents the size of initial data.

2. A PRIORI ESTIMATE ON THE MOVING DOMAIN
(1) BASIC ENERGY ESTIMATE
We do energy estimates to the equations in the physical domain. First, we multiply by v and

integrate in the spatial variables.

1
0 = / —|v| dV—I—/ —V-(U\v|2)dV—|—/ (—A'z))-vdV—l—/ Vp - vdV
Q th Q: 2 Q Q

o 1 2 2
_ 2dt/‘|ldV 2l;quﬂh4ds+-zl;fvynwy¢9

1
+ = / |Ui,j + vj,i|2dV — / (U@j + ij)njvidS + / p?’LZ’UZdS
2 Jo, o0, o0,

Collecting terms, we obtain that

1d

1 \Y%
—— |v\2dV+—/ ’Ui’j+vj’j|2dv+/ (v-n)(n—V-( "
2dt Q: 2 O O

V1+[Vnl?

From the boundary condition 7 = /14 |Vn|?(v-n), the above equation can be written as

))dS = 0

1d
2dt

1 \Y
|v|2dV + 5/ |’Ui7j + vj,z-|2dV + il - i 1 )dS =0
Q¢ Q

V.
oo, /14 [Vn2 /14 |Vn? (\/1+|V77|2

By the change of variables,

— 5 [ ol + (VI V0P = Dy

neno . Vi
00, /1 +1|Vn2 /14 |Vn|? \/1+|V77|2
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Integrating in time,

1 I
§|U(t)|%2 + |7](t>|i2 + / (\/ 14 |V77(t)|2 — 1)dxdy + 5/ / |Uz',j + Uj7i|2dVdS =€
R2 0 Qs

Korn’s inequality (Lemma 5.5 in Chapter 5) implies that

t
|U(t)\§2+yn(z>|i2+/ (\/1+|Vn(t)|2—1)dxdy+/ / Vol2dVds < e
R2 0 Qs

Since (\/1+|Vn|2—1) = H\}%, we need to show that |Vn|re is uniformed bounded for all
n

time. (This will be done by higher energy estimates.) Under this boundedness, we obtain the

basic L? bound: [v[]ep, + |VU|%§L% 0l Feers + IVNlire S€

(2) HIGHER ENERGY ESTIMATE

In this section, we use the vector field decomposition method in order to rewrite the original equa-
tion such that the pressure in the fluid body is expressed as the harmonic extension of the pressure
on the boundary, not dealing with the original equation directly. Then, we define a second order
differential operator which will be acted on the equation. In this way, we can obtain energy bounds
of higher derivatives of the velocity field v and the boundary n. The main difficulty of this problem
is handling the commutator and nonlinear terms containing 7.

Any vector field X in €2 can be written as a sum of a divergence free vector field and a gradient :

X =u+ V¢. This is called a Hodge decomposition. From the identity

/Qu-wdv+/9(v-u)¢dvz/m(u-n)gb

we conclude that u is of divergence free and u-n = 0 on Sy is L? orthogonal to V¢ with ¢ = 0 on

Sr. We denote u by PX. Here, we list properties of the operator PP.

» Lemma 2.1 (1) It is a bounded operator on H®.  (2) If ¢ € H', then P(V¢) = V#(r),
where ¢ = 7 on Sp.

Proof : Let us start with the first statement. For any vector field X, X can be written as
X = u+ V¢. Then, ¢ satisfies that Ap = V- X in Q, ¢ =0on Sp and n-V¢p = X -n on
Sp. By the usual elliptic theory, |Vo|gs S |V - X|gs—1 + | X - n
ulgs = [P(X)[r S |X
to the first one. B

o} (51 < | X|gs. Therefore,

us. We can prove the second property by using the same argument used

The velocity field v and its time derivative v; of the problem is in the range of P. Since p =
(vij +vj)ning + 1 — V - (——2L—) does not vanish on Sg, P(Vp) # 0. By Lemma 2.1, we have

V1 Vnl?
the following expression of the pressure: P(Vp) =Vi#(n-T,-n) + V& (n—V - (%))
"



We take P to the equation.

P(Dyw) + Av+ VA — V - (——L )y = 0 (1)

V1+ !W!Q»

where Aw = —PAw+ Vi (n-T,-n). Furthermore, by taking the divergence to the original
equation, we know that Vp, , = (I — P)Vp satisfies the elliptic equation:

—Apv,v = (%Uﬁivj n Qt
p=0 on Sg
Vp-n=—(Av)-n on Spg

The last boundary condition is obtained by taking the inner product to the equation with the
normal vector at the bottom. If we do not take P to the equation, the original equation can be

written as

Vi

V14|V

Thus, this is a Hodge decomposition of the left-hand side (v - Vv — Aw).

U'VU—AU:—U,:—V%O?_V'( ))_va,v (2)

» Regularity of v and 7: We investigate the pressure terms to obtain regularities of 7. First, we
obtain the regularity of the velocity. If we take 9° the usual Navier Stokes equations on R3, multiply
by 0%v to the equation and integrate in the spatial variables, we have the term (0°V - (v®v), 0°v).
By the integration by parts, (9°V-(v®@v), 0%v) = —(9*(v®wv), d*'v). The second term is controlled
by the Laplacian. We have the product of the velocity fields in the first term. To be an algebra
in H°, s € N, we take s = 2. As we apply a second order differential operator A to the equation,
and do the energy estimates, we have a priori estimate of the velocity field v in L H? N L2H3.
It requires that Vp € L?H!. Assume that n € L°H® N L?H?. We have two harmonic functions

solving the following elliptic equations. First,

—Ap; =0 in
(E].) pP1 = (/Ui,j + vj,i)ninj on SF
n-Vpr=0 on Sp

3 3
Since Vv € L?H? on Sg, Vn at least should be in L{°HZ2. This implies that a > g As we will

5
see later, n € L{°H; is not enough to apply the contraction mapping lemma even though this
regularity is well matched with the regularity obtained by solving the transport equation of n. We

will gain regularities of n in L{°® by surface tension. Secondly,

—Apy=0 in
(E2)§ pa=n—F(n) on Sp
n-Vpa =0 on Sp



Since Vp, € L7H}, it requires that ¢ = I. By these two elliptic equations, we conclude that we

5 7 5 7
need to obtain n € LfOHQ?Jr NL?HZ. From the equation, we deduce that ; € L2HZ and n € L?H?
(locally in time). This implies that n € L H2. These higher regularities of 7 are introduced by

surface tension. Now, we rewrite this equation as a sum of linear and nonlinear terms.

Vn

V14 [Vl

V| Vn?

VIV + /14 [Vn?)

Therefore, the right-hand side is derivative quadratic nonlinear terms which are good for the in-

v+ Av+ VA (n—Lon) = —Plv-Vou)+ VI (—Lon+ V- ( )

= —PV.-(v®v)+ VH( )

tegration by parts. By the regularities obtained just before, the right-hand side is in V(L?H2).
Conversely, if the right-hand side is in V(L?H?2), then we can take two derivatives to the equation.
By acting the second order differential operator A to the equation, we establish exactly the same

regularities mentioned above. In this way, we can make the argument close.

We go back to (1). We cannot take the usual partial derivatives to the equation because the
above equation is not translation-invariant under the influence of the moving boundary. Since we
have to perform the integration by parts to generate non-negative quantities, operators acting on
the equation should reflect the boundary condition. When we deal with the heat equation on a
fixed domain, we can take 0; to the equation because the equation is translation invariant in time.
From the equation, /A has the same effect of 0, so that we apply A to the equation in order to
obtain bounds of higher derivatives. In our problem, the material derivative D; = 0; + v - V cor-
responds to A so that we act A to the equation. The second order differential operator A satisfies

a nice integration property: For divergence free vector fields v and w,
/ Av-de:/ (—PAv+ VA (n-T, -n)) wdV =<v,w >
Qt Qt

Since A does not commute with the projection PP,

V)

V14Vl

A(Dw) + A(Av) + A(VA#(n — V - ( ) = —A{v- Vo — P(v - Vo)} (3)

By commuting D; with A,
V)

V1+[Vnf?

where A(VAH(n—V - (ﬁ))) = VA (0T 00 -v o1y n). We multiply by Av to the

D (Av) + A(Av) + AV (n -V - ( ))) =D, Alv — A{v - Vv —P(v-Vu)} (4




equation and integrate in the spatial variables over €2;.

/ [Dy, AJv - AvdV = ;$|AU|L2 + = ! < Av, Av > — / Av - A{v- Vo —=P(v- Vo) }dV
Qt Qt

-n)dV

+ /Av A\
Q ( Vﬁ( (\/1+|V71|2))

Integrating in time,

n)dVds

|Av()\L2+/ < Av Av>d8~|—// Av - VA (n-Tg 0, v

< e+ / / [Dy, Alv - AvdVds + / / Av - A{v- Vv —=P(v-Vov)}dVds
0 JQs 0 JQs

ezl

First of all, we estimate Av-V A
AT 22 S

negative terms with cubic or higher order error terms. We define B as Bv = —Av+Vi#(n-T-n).
We replace Av with Bv. Then,

TG 0 (—v( ) -n)dVds. We want to single out non-

Vn

—))dS
1+ ]VnIQ))

Av- N n-T. ., o . -ndV:/ n - Avyn;n;0;0;.7(n — V -
/Qt ( VA (n v(\/lf‘w)) ) aQt( Jnin;0;0;.7 (1) (

Vi
= n - Bv)nin;0;0;5€(n -V - (———===))dS
J R )

JAN 1d
_ Lo /(MWF+WAWWM@+@)
R2

- ~ Bom)dS +(0) = 35

o0, /1 + |V77|2 2dt

where /¢ means the Laplacian in the horizontal variables. In («), we have one term at the bottom:

fs n - Bv)nn;0,0;7(n — V - (\/m))dS Since, at the bottom, n - Bv = n - Vp,,, which is

small, we will not consider this term in the energy estimate. See (2). From now on, 0€2; only

involves the moving boundary Sr. From the above estimate,

t t
| Av(t)]32 +/ < Av, Av > ds + |Aon(t) 32 + [V A1) 3. —|—/ (a)ds
0 0
t t
S e+ / / [Dy, Alv - AvdVds + / / Av - A{v- Vv —P(v- Vo) dVds (5)
0 s 0 s

Secondly, we estimate the last integral in the right-hand side. By Lemma 5.3 and Corollary 5.4 in
Chapter 5,

/ Av - A{v - Vo —=P(v- Vo) }dV < |Av|gz - |A(v - Vo — P(v - Vo)) 2
Q¢

1 1
Aol + 51070 T0) s S lloll* + 51V AvEs



where ||v|| = [v|peerz + |Av| o2 + [VV[212 + [V Av|22. With the basic energy estimate,

1
S et [ [ v (DoAwava+) [@at+ el + 5 VA, (6)

We will add |v]2.,, and |V (n — F(n))[3.,, to the above energy estimate when we estimate
totw titx

() in Chapter 6. The main part of this section is the commutator estimate and the estimate of («).

» Proposition 2.2. Commutator estimate
1
[ Ao (D AV S (oliss + Veligaz +Avlirs + 19 Aul gz + 519 (A0

Proof : We assume that the boundary is smooth so that we can apply Sobolev inequalities to
obtain the above bound. Then we bound Sobolev constants by [n|re~ps. By taking small initial

data ng, we can make all Sobolev constants less than a universal number. See Chapter 5. B

» Proposition 2.3. Estimate of («)

/(a)dt S lLeomg Mol + 11"+ 110l - [oel Ty + Il g - V20 = )72y
Proof : We will show that («) consists of cubic or higher order terms. See Chapter 6. B

» Proposition 2.4. Estimate of |Ut|%§H1 +|VH#(n—F(n)) %31{1

el pzm + V(= F) [z S e+ Il +ol]* - InlZens
+ Wl el Loy + Inlie s - IV (0 — F0)) |32 11

Proof : Since v; = 0 at the bottom, we can use Korn’s inequality. To obtain bounds of the
gradient of v;, we take D; to the equation and we do the energy estimate. As before, we need to
estimate the commutator term. But, we already know how to obtain the commutator estimate in
Proposition 2.2. We control (V.7 (n — F(n))) by using the equation, Proposition 2.2, Proposition
2.3 and v;. See Chapter 6. B

» Proposition 2.5. Korn-type inequality
1
[VAu[72p, S / < Av, Av > dt + ||v|[* + §’VAU|ing + VA () — F(0) (2

Proof : Since Av does not vanish at the bottom, we cannot apply Korn’s inequality directly to

Awv. But, we can use the equation to apply Korn’s inequality. See Chapter 6. B

10



Now, we make the energy bound which is mentioned in Theorem 2. By Proposition 2.5, we
replace ([ < Av, Av > dt) with |V Av| Then, we have |V (n— F(n))|3.,, in the right-hand
side. By Proposition 2.4,

2
L212°

el L2y + VA (0 = FD) 12101 + 10I1° + [0l Le ng
S et (ol + nliens + [oilzm + VA (= F0)li2m)"

where € = |vp|3;2 + |[70]%s. By Lemma 5.3 and Corollary 5.4 in Section 5,

|U|%§°H£ + |vv|ifH§ + |77’%;>°Hg + VA (n — F(Um%gh@ + |Ut|%§H;
S et (|U|%§’°H% + |VU|2Lt2Hg + |77|%§°Hg + |V (n — F(U))|%§H; + |Ut|%§H;)2

Finally, we solve the pressure. Since we already know the harmonic extension parts, we only

need to solve the Lagrangian multiplier p,,. By Lax-Milgram, there is a unique weak solution

Pow € L7Hj. By Poincare inequality, |Vpuolrzm S [Apuulizrz < 0000212 + [000] 212 S €

3. ITERATION, EXISTENCE AND UNIQUENESS

We may iterate the system in the following way. First, we rewrite the equation (1) as

N/

VTR /T VTP

The evolution of the free surface is given by 1 = /1 + |V~ 12(v™ - n). We solve the system

of equations on 7""! with initial data uniformly in m € N : v™(-,0) = vg, n™(-,0) = n9. We

" + P V™) + AV + VI ()" — Don™) 4+ VA

) =0

apply estimates of Proposition 2.2 up to Proposition 2.5. to the iterated system. Then, we have
the following estimate: ||(v™, n"™)||x < [volwz + |molms + [[(0™ 1 0™ H]Ix - [[(v™, 0™)||x. But we
do not know how to solve the system of equation on Q/"~'. Moreover, since (v™*!, n™*!) and
(v™,n™) are defined in different domains, we cannot take difference of two equations to show that
they are Cauchy sequence in || - || x. In order to fix the domain, we make use of Beale’s method:
we transform the physical domain onto the equilibrium domain. Since we project the equation
onto the divergence free space, we need the divergence free condition to the velocity field. The
linearization is given by the change of variables in a way that the divergence free condition is
preserved. We define 0(t) : Q = {(z,y,2); =1 < 2 < 0} — {(z,y,2); =1 < 2" < n(z,y,t)} by

0(z,y, 2,t) = (z,y,0(z,y,t) + 2(1 = 7i(z, y, 1))

where 7 is the harmonic extension of 7 into the fluid domain. In order that # is a diffeomorphism,
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n should be small for all time. This will be achieved by energy estimates. We define v on () by

07:7]‘
-

Wj = QW

where J =1—7+0,7(1 — 2), df = (6, ;). Then, v has divergence free in §(€2) if and only if w has

the same property in 2. We replace the system of equations of v with that of w.
vij = QO(auwr), Vi = agw;, + agw; + (071)305(aw;))

where ¢ = (df)~' and ' denotes derivatives in . Setting ¢ = p o §, Then the other three terms in

the Navier Stokes equations are of the form

QWG Om (igwr) — CijOk (G Om (i) ) + CriOkq

Multiplying by (ay;)~"!, we have the following equation: w, — Aw + Vq = f(7],v, Vq). The normal

boundary condition becomes

Vn

V1+[Vn[?

with N =nof. Let T} = (1,0,0,n), T> = (0,1, 9,n). Taking the inner product with 77, T5, and

N, we obtain that w; s +ws; = gi(n,w), ¢—wsz=mn—Lon+ gs, where g5 = An — F(n) + g5 =
- V| Vn|?

VI V2 (144/14]Vnl?)

is calculated by using the definition of the new velocity field on 2. It satisfies that 7, = w3 and

qNi — {0 (irwi) + CriOm(ajrwe) N = {n =V - ( )} Ni

)+ g;,, g; is quadratic in n and w. Finally, the evolution of the boundary

n(0) = 0. The compatibility conditions of the initial data is given by

V- Wy = 0 in Q
wo=0 on {z=-1}
w(0);3 +w(0)3; = g:(0) on {z=0}, ¢(0)=w(0)s3+g3(0) on {z=0}

In sum, we have the following linearized system of equations:

(W, — Aw+Vg=f in Q

V-w=0 in Q

(LNSF){ wis+ws; =g; on {z=0}
q:w373+f0tw3(5)ds—Aofotwg(s)ds—i-gg:w3,3+77—A077+gg on {z=0}

w=wy at t=0, pp=w3 on {z=0}, w=0 on {z=-1}

\

Now, we study this linearized system of equation. The main issue is the solvability of (LN S). We
assume that this solvability is proved. (See Chapter 4.) We define a norm of (w,n,p) as

(w,n, DI = |wleenz + |wlpzs + VA () = Az + 10l eons + [Valrzm
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We calculate nonlinear terms. Principal parts are given by
f ~wV3n+ V2Vw + V2wV + ViVg + (Lot.), g ~VnVw+ V(VnVn) + (l.o.t.)

We only need to estimate the highest order terms.

IVl S 10V ez +10(V2qVw) 2z + [0(V*wV) 22 + [0(VaV)| 212
S VoVl + WVl + VoVl e + [VoV2i e
V2wVl e + V0V 22 + [V2qVill 1212 + V@V 212

|Vw|L?L3°|V377’L?°L% + ’w’L;"’L?’V477|L§Lg + |V3w|Lng|me§°Lg°

+ A+

V2w Lo 12| V0| 2100 + (V20| 2222 | Vill o roe + [Vl 1222 | V] Lo 120

By Lemma 6.2 in Chapter 6, we can replace |V*7|;2,2 and [V?7|12/0 with [VI2(n — An)|2p1.
Hence |f[r2p1 < (I|(w,n,¢)|])?. We do the same calculation to g.

3 3 3 5
|829’L§L§(R2) |02 (Vw)meng(RZ) + [Vwo? (Vﬁ)|L$Lg(R2) + V2 (VT}VU)’Lng(RQ)

S
3 5 T
S 102 (Vw) 2z mey VNl ree + [Vl 2 poo(r2)| 020 Loz + [Vl e o0 |02 1] 1212

Therefore, o], 4 . S (.m0l
In order to do the iteration, we treat the nonlinear terms as inputs. The first step is to de-
fine (w',n',¢*) . Let p(t) be a nice cut-off function in time such that p(0) = 1. pu(z,y) is a
C2° function on R?. Then n' is defined as n' = (ny * u(z,y))p(t). We do the same procedure to
define the first velocity field w!. Since wy is defined on the channel €2, we restrict wq interior of
the domain. We define 1 which is C*° function supported in —% <z < —%. Let ¢(z,y,z) be
a nice function such that 1) = 0 outside of the domain. Let A(z,y,z) be a C° function on R3.
Then, we define w! as w! = ((wo) x Mz, y, 2))¢(x,y, 2)p(t). Finally, we define the pressure as

¢' = H(wg5+n' — An'). We do the iteration in the following manner:

(

w — Aw™ + Vg™ = f(w™ g™ g™ in Q
V-w™=0 in €

wiy +wyy = gi(w™ ™) on {z=0}

q" = wys + 0" — Don™ + gs(w™ ) on {z =0}
n* =wy on {z=0}

wh=wy at t=0, w"=0 on {z=-1}

(LNSF™)

\

m ,,m ,m

Then, we have the following bound: ||(w™,n™, ¢™)|| < €+ [|(w™ 1, n™ 1 g™ 1)||?. Therefore, we
conclude that {||(w™,n™, ¢™)||} are uniformly bounded if the initial data is small enough. By tak-
ing difference of two sequences, we show that {||(w™,n™, ¢™)||} are Cauchy sequence. Therefore,

we obtain a unique, global-in-time solution if initial data is small enough in H? by the contraction
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mapping theorem. The dependence on the initial data of the boundary 7y occurs when we take
the first iteration. Since we need uniform bound of n € H3, we take 1y € H3. Having solved the
linearized problem, we reverse our steps and obtain a solution of the original problem. By the
compactness argument, v is continuous in time with value in H? because Since Hj is compact in
H? and H? is embedded continuously in H'. We can apply the following Proposition 3.1. But, we
cannot say that 7 is continuous in time with value in H? because 7 is defined on the whole space

so that we cannot apply the Rellich compactness, which says the compactness locally in H*.

» Proposition 3.1. Continuity in time: Let m to be a nonnegative integer. Suppose
v e L20,T; H"(Q)), with v, € L2(0,T; H™(Q)). Then, v € C([0, T]; H™*') after possibly being
redefined on a set of measure zero. Furthermore, we have the estimate

Jnax, (o) amer S (ol p2ppee + [0l 2mp

Proof : See Chapter 5 of Evans [7]. It is based on Lions-Aubin Lemma.

4. SOLVABILITY OF (LNS)

In this Chapter, we study the linearized problem (LNS) defined in Q = {(z,y,2); -1 < z < 0}.
We need the divergence free condition to the velocity field. There are two reasons. First, in the
weak formulaton, we act a test function ¢ to the equation. Since we only know the explicit form
of the pressure on the boundary, we want to remove the interior pressure in the weak form of the

equation. By the integration by parts,

(Vp, &) = /8 P06 m)dS = (.Y -0

So, we define a function space of test functions such that the divergence free condition holds.
Secondly, we will take the projection onto the divergence free space to the equation to obtain
L? bounds of the boundary. Therefore, the linearization is given by the change of variables in a

way that the divergence free condition is preserved. We have the following linearized system of

equations:
(W, — Aw+Vg=f in Q
V-w=0 in Q
(LnsF){ T ese =g on {2 =0}

q=wss+ fot ws(s)ds — N\ fot ws(s)ds + g3 =ws3+n—ADon+gs on {z=0}
n =ws on {z=0}

| w=wo at t=0, w=0 on {z=-1}

where (f, g;) comes from the change of variable. In order to do the iteration, we have to prove

that the above system of equations is solvable for given initial data and for given external forces
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f and g. We will prove that there is a weak solution to (LN.S). Then, we will show the regularity
of weak solutions. In Proposition 6.2, the nonlinear terms are estimated L? in time. Even though
we only have L° bounds of 7 in the energy estimates, we have L? bound of the pressure. We can
extract L? bounds of the boundary from this pressure bound. In order to do that we reformulate

it as
wy — PAw + VA (w3 3) + VA (n — Lon) =P(f = VIH(g3)) = F (7)

(1) WEAK FORMULATION
In this section, we obtain a weak solution of (LNS). First, we define a function space where a

weak solution is defined. For any fixed time interval [0, 7] with T" < oo,
t t
V(T)={velL{H,:V-v=0, v=0 on Sg, / vsds € L°L%(R?), / Vousds € L L3 (R®)}
0 0

where the divergence free condition is expressed in the distributional form, i.e. v is orthogonal
to gradients of test functions which vanish on Sr. This space is almost the same space which is
used in the context of the Navier-Stokes equations in a fixed domain except that we include the

boundary terms. For test functions we will use in weak formulation, we define 7" as
VY ={veH:V-v=0, v=0on Sp, v3€ L*(R?), Vous € L*(R*)}

As usual, we define a space for v; : ¥ (T) = {v € L?H;' : V-v =0, v=0 on Sz}. Before

defining a weak solution to the problem, we resolve the following Proposition.
» Proposition 4.1. 7 is separable.

We have two expression of the pressure on Sp in (LNS). When we study a weak solution, we
will use the first expression, while we will use the second expression when we show the regularity

and we obtain the a priori estimate.

Definition: (w,w;) € ¥ (T) x L*(0,T; ") is a weak solution of (LN S) if for all v € ¥,

(we, )+ < w,v > +fR2(f0t wsds)(vs)dzdy + [ Vg(fot wsds) - (Vovs)dzdy = (f,v) + (g,v)
V-w=0
w(,O) =Wy € L?

(2) EXISTENCE AND UNIQUENESS
In this section, we want to resolve the following existence theorem:
For any wg € L?, f € L2L2(Q), g € L?L2(R?), there exists a weak solution
(w,w;) € ¥(T) x ¥'(T) such that w(-,0) = wy
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The idea of obtaining a weak solution is clear. Since ¥ is separable, we can use the Galerkin
approximation to the equation. Then we solve an ODE in a fixed time interval [0,T]. We do the
energy estimate to these approximated equations. Since energy bounds are uniform in the indices,
we can pass to the limit. By taking a cut-off function in time, we assert that a weak solution
achieves the initial data in L?. From the equation, we show that w; € L2H_' which implies that

w € CyL2. In this section, the upper index means the third component of a vector field.

» Galerkin Approximation: Since ¥ is separable, there exists a basis {¢;} which are or-
thogonal in L?. We approximate w by wp,(t) = 37", N, (t)¢;. We want to select the coefficients
N (t) such that M (0) = (wp, ¢;) and

R2(/o w,, ds)(¢5)dzdy + /R2 Vo(/o w,,ds) - (Voo;)dzdy
(fv¢])+(ga¢]) (8)

(Orwm, ¢)+ < Wiy, p; > +/

We define integrals as E,,; =< ¢, ¢; >, Hpj = fR2 )(@3)dx, Ly = [p Vo(d3,) - (Voo?)da
F; = (f,¢;), Gj=(g,¢;). Since (Oywm,, ¢p;) = N, (1 ) is reduced to an ODE.

t t
ON, + BN, + Hpj [ N (8)ds + Ly, / M (s)ds = F; + G,
0 0

which is subject to the initial data A, (0) = (wo, ¢;). By the standard existence theory for ODE,

there exists a unique absolutely continuous function \,,(t) = {N :j=1,2,--- m}.

» Energy estimate: For m = 1,2, -+, we have the following energy estimate

t
|wm|LooL2 + |V, 2 122 T Sup / /w ds|*dxdy + sup / |Vo/ w? ds|*dzdy
R2 R2 0

0<t<T 0<t<T

|w0|L3 + |f|L§Lg + |9|L§L§
Proof: We multiply by M (¢) to (9) and sum for j = 1,2,--- ,m to find that
/ ¢
(W, Win ) < Wiy Wy > —|—/ (/ w? ds)(w?))dwdy —|—/ VO/ w? ds) - Vo(w?))drdy
R2

1d
— 2dt|wm|L2+ < Wy, Wyy, > +2dt{/ / w? ds)|Pdwdy} + th{/ VO/ w? ds)|*dxdy}
= (f,wm) + (9, wm)

Integrating in time, with Young’s inequality, we finish energy estimate.
» Passing to the limit: From the energy estimate, we know that {w,,} is uniformly bounded

in L°L2 N L2H!. Up to extraction, {w,,} converges to w for the weak star topology in L{°L2
and for the weak topology in L?H!. Since {w,,} is bounded in ¥ (T), for the weak star topology
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in L*H] (fot w? ds) and (Vg fot w? ds) converge to 3 and 1, respectively. By the trace theorem,
B = f(f wsds and v = VY, fot wsds in the sense of distributions. We multiply v € 2(0,T) such that
»(T) =0 to (8) and integrate in time. By the integration by parts in time,

— [ o [ <w o> e [ Sty
/ /R2 Vol /0 w3 ds) (l/J(t)Vo¢§?)dxdydt=(wm(O),gbj)w(O)+/OT((f,¢j)+(g7¢j)>dt

Let m — oo. Since w,,(0) — wq in L?

_ /T(w ¢g)(‘9t¢dt+/ < w,P(t)d; >dt+/ /R2 /O wsds) (¥ (t)¢7) dwdydt
/ /R vl /0 wyds) - (0(8)Vod)drdydt = (o, 6;)(0) + /0 T (.60 1 (9.6,

This equality holds for a finite linear combination of ¢;s. Therefore, it holds for v € 7.

- /0T<w’”>atwdt - /OT <w,v > Y(t)dt + /OT /RQ(/Ot wsds) (ws)(t)dzdydt
/OT /5:2 Vo(/ot wsds) - (Vous)(t)dxdydt = (wo, v)(0) + /OT((f, V) + (g, 0))dt  (9)

Therefore, we find the following equality in the distribution sense on (0,7")

(we, v)+ < w,v > +/2(/0 wsds)(v3)dxdy + /R2 Vg(/o wsds) - (Vouz)dxdy = (f,v) + (g,v) (10)

R

It remains to show that w(0) = wy. We multiply by ¥(¢) to (10) and integrate in time. We get

- /j(w,v)ade/OT < w,v > p(t)dt + /OT /RQ(/Ot wsds) (ws)(t)dzdydt
/OT/RQ Vo(/otwgdS)-(Vov3)¢(t)dxdydt= (w(O),UW)(O)+/0T((f,v)+(g,v))dt (11)

Comparing (9) and (11), we see that (wy — w(0),v)(0) = 0 for each v € ¥. We choose ¢ such
that 1(0) # 0. Then w(0) = wp. This is proof the existence. Weak solutions are not in L*(0,T; %)
because the trace theorem does not hold in this level of the regularity of weak solutions so that we
cannot take the difference of two weak solutions in order to show that a weak solution is unique.

We can show uniqueness after proving the regularity results in the next section.

(3) REGULARITY
In this section, we study the regularity of the weak solution under higher regularities of the initial
data and external forces. These regularities are predicted by the a priori estimate in Chapter 2.

Since the domain is invariant under the translation in the horizontal direction, we take tangential
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derivatives to the equation to obtain bounds of tangential derivatives. Other bounds are deduced
from the divergence free condition and the equation itself. We will not denote the domain and its
boundary when we do the integration. It will be clear from the context. We will not obtain full
bounds of w in L{°H?2. There are two reasons not to do it. First, by compactness, w € L?Hj and
w; € L2H! imply that w € C;H? so that we do not need to estimate w in L{°H?2. Secondly, in
fact, we cannot obtain the full derivative by our method because we only assume that f € L?H}
and g € Lle% . But, in order to obtain all derivatives in L{°H2, we have to take one more time
derivative to the equation. Then, we need regularities of f; and g;. Since we want to treat nonlin-
ear terms as simple as possible, we will not take time derivatives to the equation. Finally, we will

use Korn’s inequality repeatedly by the bottom boundary condition.

» Proposition 4.2. Suppose that (w,w,) € ¥ (T) x ¥ (T) is the weak solution such that
the initial data satisfies the compatibility condition. Let wy € H?, f € L?H}, g € Lfo%. Then,
we L?H? w, € L2H}, n € L°H? and Vq € L2H}. Moreover, (w,w;,n,p) satisfies the following
energy bound: |w|pemz + [Vwlrzgz + 0lrpems + |Valzm S €+ |flozm + ‘g‘LZH%’ where € only

titx

depends on |wg|gz, not on |n|zs because 1y is equal to zero on the equilibrium domain.

Proof : Here, we will use the following notations. A < B means there is a constant C' which is a
universal constant such that A < CB. As we will use Young’s inequality repeatedly, A < B + %D
means there is a constant ¢’ such that A < C'B+ %D. First, we obtain the basic energy estimate.

We multiply by w to the equation and do the integration by parts.

1d
§£|w|i2+ <w,w > +(q — ws 3, ws) — (w;, 9;) = (f,w)

From the boundary condition, (p — ws, ws) = (n — Aq+ g, ws) = 22 (Inf2, + [Vnf2,) + (g5, ws).

By the trace theorem and Young’s inequality, (g;, w;) < |g|%2(32) + s|wl3. + 3|Vw|?.. Integrating

in time,
1
|w|%§°L§ + |Vw|%t2L§ + |77|%f°L§ + |V77|%5;°Lg Set |f|i§L% + |9|%§Lg + §|w|%§L§
mce w = 0 on the bottom, we can apply Korn’s inequality.
Si 0 he b ly Korn’s i li
|w|%t°°L§ + |Vw|%§L§ + |77|%§CL§ + |V77|%t°°Lg Se+ |f|i§L§ + |9’%§Lg

We can control all lower order terms by using this energy inequality. Since terms containing ¢g; and
g2 have the same estimates, we assume that g; = go = 0. Next, we obtain bounds of derivatives.
We multiply the equation by D_;Dpw and integrate in the spatial variables. Here D), means a

tangential derivative and D_;, = —Djy. Since Dpw = 0 at the bottom, only boundary terms on
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z = 0 are involved when we do the integration by parts. By the integration by parts,

1d
§E|th|%2+ < th, th > +(q — W33, D_hDh’LUg) 5 |f|%2

From the boundary condition, %%’Dhﬂ)l%z‘i‘ < Dpw, Dpyw > +(n—2Lon, D_p Dpws)+(Drgs, Drws) <
|72 By the duality argument in (Dygs, Dyws) and Young’s inequality,

|th|L2—|— < th th > + (thmLQ + |th0n|L2)

|th!2

2 by T 1B S 9P

\Dh93| ()

2 2
H™ 2 R2 ithle%(RQ) + |f|L2

By the trace theorem,

d 1
%(|th|2L2 + |V77|%2 + |V277|%2)+ < Dpw, Dyw >§ §|Dth|%2 + |f|i2 + |g|2%(R2) + |th|%2
Integrating in time, with Korn’s inequality,

|th|L°°L2 + |thw|L2L2 + |V77|L°°L2 + |V277|L°°L2 Se+t |f|L2L2 + |9| 2 (R2)

We need to obtain bounds of |w1733|L§L%, |w2,33|L%L% and |w3,33\L§L3. Since V- w = 0, wz33 =
—W1 13 — W93, SO that |wsss|r2 < 2|DpVw|2. From the equation, w; 33 = —w; ; + wir + 0iq.
We can replace | Dy Vw|rz with |VZw|pz with adding w2 + |9;g| to the right-hand side. Finally,
Vq =w; — Aw + f implies that

|83(]|%§L% S |w37t|%%L% + |Dth3|%§L% + |f3|%§L§ S |wt|%fL§ + |f|ifL% + |g|i + |th|%§L§

1
2HZ (R?)

We have to use a different method to bound 9;q because we cannot bound |Os3w;|r2 by | Dy Vw| 2.
As Coutand-Shkoller did in [5], the idea is that we trade J; in 0;q with 05 in O33w; by the integration
by parts twice. We set u = (01q, 02q,0).

|u|%2 = (U,u):(U,f—wt—FA’w):(u,f—wt)—<u’w>
1
= (u, f—w)— /((wk;,l + wy 1) Oq + 5(%’,3 + w3 ;)0i3q)dV

(Wi i3 + ws 4;)05q)dV

1
= (u,f—w)+ /((wkz,kl + wy k) O1q + 5

where we do not have boundary integrals because uz =0, g1 = go = 0 and k,l = 1,2. By Young’s

inequality, 0;q has the same bound as 03q. Therefore,

|th|LooL2 + |V2w|L2L2 + |V77|L00H1 + |vq|L2L2 5 € + |f|L2L2 + |g|2 + |wt|%§L%

1
HZ (R?)
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We take one more derivative. We multiply by D_, D, D_, Dyw to the equation.
(wi, D_p, Dy D_Dyw) + (=Aw, D_y Dy D_y Dyw) + (Vp, D_, D, D_y Dyw) = (f, D_y D D_p Dyw)

By the integration by parts,

1d

2dt|D WDpw|ia+ < D_yDyw, D_pDyw > +(q — w33, D_, Dy D_, Dyws) < |Dpf|3s

By the boundary condition, the trace theorem and the duality argument,

d
S(D- Dyl + [Vl + [V°03) + 19 (DuD-) s S I9Sx + gl

As before, we can replace |V (D, D_pw)|? 7272 With |V3wl|? 7272 With |Vwy|3,,, in the right-hand side.
x t-x

integrating in time,
’D—hthﬁ;ng + |V3w|%§Lg + |V27]|%§°H; + |V2q’2L§Lg Se+t |vf|%ng + |g|2L2H% + |tht‘%%L§
t iz

Finally, we need to obtain the bound |wi|2.,, + |[Dpwi|?.,,. First, we multiply by w; to the
t -z t T

equation.

(we, we) + (=Aw,we) + (Vg we) = (f, wy)

By the integration by parts, |w|7, + 55 <w,w > +(q¢ — wyz,wsy) S |f]7.. From the boundary
condition, |w|2, + 14 < w,w > +(n— An+ g3, ws:) S | f|22. We estimate boundary terms.

d
—(n—An,m) = |72 — [Vl

d
—(n—=An,n) — (e — Ane,my) = o

_A —
(n — A1, 1) o

By the trace theorem, (g3, ws:) S [93l72r2) + 5lWsel72(me) S |93]72 + Flwseliz + [Vwsliz. Inte-

grating in time, with the Korn’s inequality,

|wtling + |Vw’%g°Lg
1
S et |f|%%L% +|(n — &n,ne)| + |9|%§L§(R2) + |7lt|%§Lg + Wﬁtﬁf/;g + |w’2L§’°L§ + Z|Vw3,t‘%2

1 1
S et ’fﬁ:ng + §|77’%§°H§ + [ mel7gers + ’9’;1{% + ’Utﬁ:gH; + ’w’%ﬁg + Zva?),t‘%?

+ 41z
By the trace theorem,
’”t‘%f%g = ’w3‘%f°L§(R2) S |w‘%g;°Lg+%Ww|%§CLg ‘M%ng = ‘w3’2Lng(R2) S ‘w‘%ng""%Wwﬁ?Lg

’vﬁtﬁ;m = |Vw3|%ng(Rz) < |wl? L2L12 +3 |v2w|L2L2
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Therefore, we have the following bound:

1 1 1
‘wtﬁ:m + |Vl < et ‘f’%ng + 5’77‘3350@ + ’9’; + §‘Vw’i§H; + ]w[%% + Zvas,tﬁﬁ

1
H?

1 1 1
S et [fllap + §|77|%§°H§ + |9|;H% + §|Vw|igH; +[wlTape + §|tht|%2
Ty

We take one more derivative. We multiply by D_;,Dpw; to the equation. By integrating in the

spatial variables,

1d
| Dpwq |32 + S < Dyw, Dyw > +(q — ws 3, D_,Dywsy) = (f, D_pDpwy)

By the same method used before, we obtain that

1
+ §|V2w|%§H%

3
H?

1
|tht|ing + ’thwﬁg%g Set |Vf|%§Lg + §|V77|%§°H§ + |9|i2
t
In sum,

(W[ 7o iy + | DAV W[ T 2 + VWl Ta gz + 70z + [Valiapn S e+ [ fl7am + |9|;Hg
g

From the equation, we conclude that

|w|%g°H; + |thw|%§0L§ + |Vw|%§Hg + |wt|igH; + |77|%;>0Hg + |VQ|%3H; Se+ |f|igH; + |9|;H§

We finish proof of Proposition. B

Remark 1: If we try to obtain the full derivative of w in L{°H? we need to obtain bounds
- 2 2 2 2
of |w1733|L§oL% and |w2733|L‘t’°L£' From the equation, |wi733|L§OL§ < |wi,t|L<;°Lg, + |f|L;>°Lg + |8,-q|L?OL£.

We estimate |wi,t|%?oL% and |(9@-q\%§oL%.

|aip|%§°L§ S ’qu,vﬁgoLg + VA (n — An”%g%g + |V¢%”(w373)]%?%§ + |vt%ﬂ(9)|%§%§
S o Vol +In— A0 lwss el
L§°H; L H; L H
1
S EM%gOL;o + |vv|i§L§ + |7]|%§OH§ + |w|%t°°L% - |th|%?°L% - |g|;on%

In order to obtain ]wi,t|2Lgo 2> We take 0; to the equation, multiply by w; and do the integration by
parts. Then, |w,~7t|%§oL% < VLS %ng + |V*%gt\%gL%. But, it is not clear how we estimate V~!f,
and V™2 Ji-
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Remark 2: If we have g; and go, then, for k,[,m,1 =1, 2,
‘u‘%Q = (u> u) = <u7f — Wy + Aw) = (uaf - wt)_ < u,w > +/ umgmds
R2
1
= (u, f—w)— /((wk,l + wy 1) Opiq + §<wz’,3 + ws ;)0i3q)dV + /2 OmqgmdS
R

= (u,f—w)+ /((wk,kl + wy ) O1q + 5

1
—(wj i3 + w3 4;)05q)dV + / OmqgmdS
R2

Therefore, |9;q]3. S e+ |f]? ez T |g|22H2(R + |wt|L2L2 + 35 |V(]|L2(R2 We can move 1|Vq|%2(R2)

to the left-hand side because we have the factor 2 in front of |V¢|? L2(R2)" When we take one more

derivative to the equation, we have error terms of the form: [(8%¢)(dg)dzdy. By duality argu-
3 .

ment, [(0%¢)(9g)dady < 5102q|72 ey + |g|§{%(R2). Combining both, we have —\Vq|H1 ge) in the

right-hand side. We apply the trace theorem and move it to the left-hand side.

Now, we take the projection P to the equation: w; — P(Aw) + P(Vq) = P(f). Since w and

its tangential derivatives are of divergence free and is zero on the bottom boundary, for £ > 0,
(—AU}, (Dh)kw) = (_]P)Awa (Dh)kw) - (([ - P)Awa (Dh)kw) = (_]P)Awa (Dh)kw)

Therefore, we have the same estimates as before for the projected equation. V.#(n — An) =
PVq — VI (ws3) — VI (g3) infers that

VA (n — Aﬁ)’%y{; < ‘VQEEH% + ‘V%ﬂ(w&:s)@g]{; + W%(Q:’))ﬁgﬂg
By Proposition 4.2,

Vw22 + 0leeens + Va2 + VI (7 — A’?)‘;;?Hl Set [ flozm + IQILQH%(RZ)

5. PROOF OF PROPOSITION 2.2

Before proving Proposition 2.2, we collect lemmas which are required to prove it.

» Lemma 5.1. Sobolev Inequalities in 3D: For a domain with regular boundary,
1 E]

(1) [flee < Clflz2 - IV L (2) [flze < C|f|m2

Here, C' depends on the regularity of the boundary. Since n € L°H2, we can use this lemma

to Proposition 2.2.
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» Lemma 5.2. Trace Theorem: Let () be a domain in R" having the uniform C™ regu-

larity property and suppose there exists a simple (m, p) extension operator E for Q. If mp < n

and p < g < ("__—;L);’. Then, W™P — L1(082). If mp = n, then the above holds for p < ¢ < 0.

n

See [1]. In this section we will use H'(Q) — L*(99). In Section 4, we applied a sharp version
HY(Q) — Hz(09). Since n € L°H3, we have the enough boundary regularity to apply Trace

theorem.

» Lemma 5.3. Unique solvability of an elliptic equation, part I

Av=f in Q
t-T-n=0 on 0N

Then, under the divergence free condition, |v|gr < |Av|gr—2 for r = 2,3. See Lemma 3.3 in Beale

[2]. We have the following corollary of Lemma 5.3.
» Corollary 5.4: Sobolev inequalities involving Awv.
1 1 1 1
(1) 0v]2 S Jolz - [Av]F.  (2) [Avlze S {Ov]7e - [V(Av)[2.  (3) [VPu[r2 S [VAv[L2 + Vo
Proof: The first inequality is derived from Lemma 5.3 and interpolation. That is,
1 5 1 1 1
00|12 S [vlfa - [V70[E S (ol - [Av]f,
The second inequality is obtained by using the divergence free condition of Awv :
1 1 1 1
|Av|z2 = (Av, Av)? =< v, Av >2< |Ov|7, - |V (Av)|;.
The last inequality is obtained by taking » = 3 in Lemma 5.3.
Lemma 5.5. Korn’s inequality: [v]},, < C' < v,v >. See Lemma 2.7 in [2].
Now, we prove Proposition 2.2. Since (Av - [Dy;, AJv) is cubic, we can distribute L{° and L?
as we want. We expect that [ [, Av- ([Dy, AJv)dVdt is of the form of (LHS)* + 3(LHS). Here,
(LHS) = [[v]|*.
» Proposition 2.2. Commutator estimate

1
[ [ v (D A ar S (oluzra + (9ol + Avlizrs + [T Auli302)° + 519 (A0) B
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Proof: We may expect the usual commutator estimate :

(») / [Dy, AJv - AvdV < | |Vl - |Av]Pde < [Vl - |Av|7a
Qi

Q¢

< Vel - |Avlhs - V(AL S Volts - [Avf + V(A0
Since we have the boundary terms in the operator A, the commutator involves more terms.
[Dy, Alv = [Dy, —=PAJv + [Dy, VA (n - T. - n)jv = (I) + (II)
Since 0; commutes with PA,
(I)=[v-V,=PAlv =PAv-Vv+ {—v- V(PAv) + P(v- VAv) + P(2Vv - VV)} = (I11) + (IV)
The second term (/1) involves more commutators.

(II) = Dy(VH(n-T-n))—VH(n- Tp,, n)
= VD (n-T -n)+[Dy,V]H(n-T-n)—VH(n-1Tp,, -n)
= VIH(Di(n-T-n))+V[Dy,H)(n-T -n)+ Dy, V]FH(n-T -n)—VH(n-Tp,, - n)

The operator D; on the boundary is understood as

DU(RF) = [S{RF 0w} ou™ = 5 (RF) + v ~(RF)

where RF' is the restriction of F' onto the free surface Sg and u is the Lagrangian coordinate map
solving & = v(t,z), x(0) = y. Since D, is a linear first order differential operator on functions

defined on the boundary and D;n is orthogonal to n, by the tangential boundary condition,

Di(n-T-n)=Dmn-T-n+n-DT -n+n-T-Dn=n-DT- -n=nn;DR(v;; +vj,)
= nin;R(Dy(vij + v;:)) + ning [0, R)(vij + vji) + ninglv -V, R|(vi; + v;,)
= nin {((Dw)ij + (Dyv)j) + ([Dr, 05]vi + [Dy, Oi]v;) + OB (9:(vi 5 + v54)) + [v - V, Rl (vij + vj4)}
= n-Tp - n~+nn;([Dy, 0;]v; + [Dy, 0;]v;) + nin;OmR(0 (v j + vji))
+ nn;{Rv,OmR(0,(vi; +v;;)) + RusR(0(vij + vj:)))}

After reordering terms,

(IT) = VA (nn;([Dy, d5]vi + [Dy, 0i]vy)) + V[Dy, Z)(n - T - n) + [Dy, VA (n - T - n)
+ VA (nin;OmR(0.(vij + vj.)) + nin{ RuiOmR(9.(vij + vj4)) — RusR(0(vij + vj:)))})
= (WV)+(VI)+(VII)+ (VIII)
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By the identity used in Shatah-Zeng [10],
(VI) =V(A) 200 -V2PH(n-T -n)+VH(n-T -n) Lv)=V(A) 'Aw- VA (n-T-n))

which is not reduced into V(v -V (n-T -n)) because A is not invertible. Here, A™! denotes the

inverse of the Laplacian with zero Dirichlet boundary condition.
(VII)=—-Vv-NVNA(n-T n)
where (+) is the matrix multiplication with a vector, not an inner product.
(I11)+ (VII) = -Vv-(-Av+VH#(n-T-n))=—-Vuv- Av
From now on, we will apply Lemma 1 to lemma 4 and corollary 1 to obtain bounds.

e Estimation of (//1)+ (VII): See (»)

e Estimation of (/V): It is almost the same as (») but it involves more terms because we

V? instead of Av. Since P is a bounded operator in H?!,

Av-(IV)dV < | |Avy| - {Jv - V(PAY)| + |P(v - VAD)| + [P(2Vv - VVv)|}dV
Qt Qt

S JAul - Vo2 + [Avl 2 - ol - ((9%0] 2 + [V20]12)

S 1AV - [Volpa - [V20lpe + [Av 2 - ([v]z2 + [Av[r2) - (IVAv|p2 + [Volz + [Av[r2)

S v - [VolZ, - V30l + Jol2e - [Avf + [Vof2a + [Av]s - [Vol2

S Al - [Volie + [Aofe - [Volfs - [V Aol + 022 - [Av22 + |Vol2a + [Av] 2 - [Vol3
< S IVA + Vel + [ Aol - Vol + ol - [Avfs + Vol + Aol - Vol

e Estimation of (V)
(V) = Vj‘f(nm]([Dt, 8]‘]Ui + [Dt, 81]?,7])) = —V%(ninj(ajv : VUZ' + aﬂ) . VUJ'))
Then, by the integration by parts,

/ Av - (V)dV = / (Av - n)(nin; (050 - Vv; + 0; - Vy))dS
Qt aQt

|n . AU|L2(8Qt) . |(nm]~(0jv . VUZ‘ + & . VUj))|L2(BQt)
|V (Av)|zz2 - [V - Ov|g + |Av|p2 - Vv - Vol = @ + ®

ZANRZA
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@ < [V(AV)[r2 - {[Vv - Vo[ + [V(Vv - Vo)|r2}
S IV (AV) |2 - [Voliz - [Vl + [V(AV) g2 - [V20] 10 - [Vl
S VAl - [Volz - (IV]ie + [VP0l12) + [V Aoz - [V20] 2 - [Vl - [VP0l s
S VAl - Vol + [V A - [Vl + VAl - [V20] - Vol
< SIVAU: + [Volts + VAl - [Volie + [V2f5s - [Volls + V20l - [Vl
< SIVAUs + [Vofts + (VA - [Volss + |Avfs - [Vol2a + | Aol - Vol

|A'U’L2 . {]Vv\}p . |VU|Loo}

|Av| 2 - [Vl 2 - (|[VP0] g2 + [V]p2) + [Av| 2 - [VP0] 2 - (VP02 + [Vl 12)
|Av|p2 - [ V|2 - [V AUz + |Av|p2 - |V|32 + |Av|g2 - [V L2 - [V Av| 2

1

3| VAV[L + [Avfz - (JAv|pz + [Volp2)® + (|Av] 2 + [Vl 2)®

AR YANRZANR AN

e Estimation of (VIII)

/ Av- (VIIT)AV

Q¢

= / (n - Av)nnnR(0,(vi; + vj,:))dS + / (n - Av)nyn; Rv;0mR(0,(v; j + v;,;))dS
8Qt 8Qt

— / (n . Av)nianng((‘)Z(vm —f- UjJ))dS
o0

|Av| - v - VP m S (JAv[2 + [V Av|z2)(Jv - V0|2 + [V (0 - VP0)|12)
(|Av| 2 + |VAv|2)(Jv - V20 2 + [Vv - V202 + v - V30|p2-)
= |Av|pz - ([v- V0|2 + [V - V012 + v - V30 2)

+ [VAv|pz - (Jv- V2|2 + | Vv - V2|2 + v - VP 2) = © + @

© S |Av[iz - [vlre + [Av[T2 - [ V0o + [AV] L2 - [0]1eo - [ VP02
S Av[Te - oz + [Av[fa + [Av]T: - [ Vo2 + [Avffz - [VP0] 2
+ [Av[g2 - (Jv]r2 4+ |Av|2) (V]2 + [V Avl12)
S [T - (Jolez + [Av] e + [Vl e + [V AV[2) 4 [Av| L2 - [v] 2 - (V0] 2 4 [V A 2)
S Vol - VA2 - (|Av|2 + [v] 2 + [Vl + [V Au[T2 + [v]72)
Vulhs ol - [V Avl k4 2|V A
S olfe - [Vl + [ Avf7e - [Volie + [Volie + [Vl - [VA[Z: + |U|§z - |Vol7a
+ |3z - |Vul3e + %lVAU|%2
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@ < VA2 - |[v]pe - V20|12 + VA2 - [V g - [VP0| L2 + [V AV| L2 - 0] g - [ V302
S VA2 - (Jol2 + [ Av| 2 + [Vo[ g2 + [VP0]12) - [Av] 2
+ [VAv|L2 - (Julze + [Av[p2) (V]2 + [V Av|2)
S Jolge - [VUlLe + Vol + [Av[Ts - [VU[2e + [vffe - [Volze + (Jolze + [Av]re) - [V Av[ + %|VAU|%2

e Estimation of (VI): We can use Lemma 5.5. We solve the elliptic equation :

—Aw=200-V*#(n-T-n)+VH(n-T-n)-Av in Q
w=0 on 0N

Since w = 0 at the bottom, we can use Poincare inequality to estimate the boundary term.

/Av-(VI)dV:/ Av- V(A A - VA (0T - n))dV

Q

< vl - [V(A) A - VAT )

< JA|e - 200 - V2 (n - T -n) + VA (n-T-n) - Avlpe

S |Av|p2 - (|0v - V(Av + Av) + Av - (Av + Av)|p2)

S [Avlze - {IVolis - (IVP0] 2 + VAU 2) + [ V20|20 + [V20[ e - [Av[a}

S vl - (Yol + [VA[2)? + |Av|, - [V Av|Z + |Av|2, - [Vl - [V AV,
< A - (V|2 + VA 2)? + [Vol2s - |Avf3, + |Av|§2 - [Vo i + %|VAU|%2

Collecting all terms, integrating in time, we finish proof of Proposition 2.2. B

6. PROOF OF PROPOSITION 2.3, PROPOSITION 2.4 AND PROPOSITION 2.5

In this Chapter, we study the nonlinear term of 7:

1d
Av- VA (n T, w oy n)dV = -— Agn)® + |V Lon|?)dzdy +
| A0 T ooy iV = 55 [ (24 1V Ry + (0)

Since we single out linear terms, («) is cubic. As we did for the commutator term, we may expect
that [(a)dt S (I[v]1* + [0 g2)* + 3(0IP + [1]70 12)-

» Proposition 2.3. Estimate of («a)

1 1 1
/(Oé)dt S lpgems - 101+ nl7sepa - vel72p + §|Ut|2LgH; + §||U||4 + §||U||2
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Proof : First, we write all terms in («). As mentioned, we set Bv = —Av + V.2 (n-T - n).

(a) = / (n . Bv)nknlakal%(n — Aon)ds + v Vﬁ) ' Ao(ﬁ - Aon)d‘s

1
I\
o, /14 |Vn|? ol
’VﬁP / 8177(311)1 + 82(31))2
+ / ————(n - Bu) g€ (n — Non)dS +
o0, 1+ !VUP( 2o = L) oo, /1+|Vn?

A 1
08 {2V VO (1 — Do) + Donds () — Don) + = V20057 (n — Agn) }dS

2

o 1+ |Vn|?

A _A 1
_ 0 (0 — Lon) {2V - Vv + Landyvs + 5 Vn[*0sdsvs) — (Dsdsvs — Do (n - T - ) }dS

oo, 1+ |Vnl?

+ / (n - Bo)nin; ;0,7 (Do =V - (

NI (n — Don)dS

Vn

V14Vl

where the first integral is summed up over k = 1,2,3, [ = 1,2,3 except k = [ = 3. We have to
show that (0305v3 — 03¢ (n - T - n)) in the fourth line is quadratic.

))dS

|Vn|?

030303 — 037 (n - T - n) = (030303 — 037 (03v3)) + 037 ( 1+ |Vn?

032}3) — Ggﬁ(nknl(vkl + Ul,k:))

We apply the Dirichlet-Neumann operator argument to (0303v3 — 039 (03v3)). Since R = Id,

G(’I])R(a?ﬂ)g) + V?]V(R(a?ﬂ)g))
1+ [Vn?

G(n)R(93v3) + VnV(R(95v3))

030503 =
30303 1+|V7Z|2

) 83%(83,03) =

Therefore, these two terms are cancelled and (9303v3 — 037 (n- T -n)) is quadratic with coefficient
Vn. There are Vn terms for each integral, so we can make all the quantities as small as we want.
But, we have half more derivatives to the harmonic extension parts and half less derivatives to
the velocity field parts. Since all terms only depend on (z,y), we transform 9Q; to R?, move
half derivative from harmonic extension parts to the velocity field parts, go back to the original
equation and apply trace theorem. When we transform the boundary, factor W and its

reciprocal appear. But, it does not generate any large quantities.

1
(@) < Inlmz - (IVvl3e + [VAv|72) + EW%(H — Aon) i
L))ds
V1+[Vnf?
1
S Inlas - (V)32 + [VAv[Z:) + EW%(U — Don)lzp + [l - | Bulip
1
1] 13

1 5
S Inlas - (IVolfz + [VAv[Z:) + TOIV%(n — Do) i + |1l - V20l

N / (n - Bo)nin; 80, (Do — V- (
00

5
+ (= Vi) - [Vlie - [VEnlin
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10 factor in front of the boundary term by Young’s inequality. Therefore,

where we have ]

1 5
/(Oé)dt S Mlugeng - (IVolTrs + VAV 2) + 51V (0 = FO) Lz + iy - [V 0lLz0 (12)
We want to remove |V (n — F(n))|2.,, in [(«)dt. From the equation,
titw
VA (1= F)zzmy S PDwliz g + |Avizem < [oilgzm + 0l + (o] (13)

We need to estimate [v¢]3,,,. We have |[v]|* in the bounds of |[VJ#(n — F(n))|3 2 o H1
titw totw

So it seems that we cannot apply the contraction mapping theorem. But, in the expression («), we

2411 and |vy]
have factor %0' So, we can move this lower order term to the left hand side in the final energy bound.
> Lemma 6.1:  [vy]75,, S €+ [0l + ][ + [[o]|* - [nl7ee s + 0] - Jvel T2

Proof: Since v; = 0 at the bottom, |vt|L?H% < [ <, v > dt. We take Dy to the equation.

Di(vy +P(v - Vv)) + A(vy + P(v - Vo)) + D,V (n — F(n)) = —[Dw, AJv — A(v - Vo — P(v - Vo))

We multiply by (v, + P(v - Vv)) and integrate in the spatial variables.

1d
§%|vt +P(v-Vo)|[iot < v + P(v- Vo), v, + P(v - Vo) >

1
S glu+ P Vo)l +/ (D, Al - (vp +P(v - Vu))dV + 0% (v - V)|7. + [D VA (n — F(n)) |72
Q4

Now, we estimate D, V.7 (n — F(n)).

DN (n—F(n) = VA(Di(n—Fn))) + VD, H)(n— F(n))+ Dy, V] (n— F(n))
= VA (Di(n—F(n))+ V(D) A(v- VA (n—F(n)) — V-Vt (n—F(n))

As before, A~™! denotes the inverse of the Laplacian with zero Dirichlet boundary condition.

—— v+ P(v - V) [7o4 < v+ P(v - Vo), v, + P(v - V) >

A

1
§|vt +P(v- Vo)l + / [Dy, AJv - (v; + P(v - Vv))dV + |A(v - Vo — P(v - V)72

+ VA0 —F)|7 +|VH(v-V(np—Fn)lie + V(L) Aw - VoA# (n— F(n)))|72
+ |Vu-VH(n—Fn))lia

We can bound |v; +P(v- V)|, by |v]2, 4 ||v][*. We can control [6%(v-V)|2, by ||v][*. Remaining
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terms are:

VA (v-NV(np—Fn))li2+ V(D) Av -Vt (n— Fn))|i2 + VA (0:(n — F(n))) |72
S |-V (—FW)lip + Vo -Vt (n—Fn)liz + VA (0(n— F(n)))|7
S Wl [V — F0))2n + [ef2e + |V 32

Integrating in time,
1
/ <v+Pv-Vo),v, +P(v- Vo) >dt Se+ 5’”14%31;3 + )|t + [|v|]? - V22 (n — F(n)) |3

N ImlingHngligLﬁ// Dy, Alv - (v + B(v - Vo) dVt
Q4

S e gl + DI 0l 19— P+ [ [ (D Al ot B SV
+ (U4 Inlpens)? - (|VU@§L§ + |VAU@§L§) + UU’%;»L@ + ’A’U\%g%g) : ngigﬂg

S et glul + Il + SVA0 = FO) g + Wl ol + el + o (9508
n / /Q (Dyo, Alo - (v, + P(v - Vo)dVdt

Finally, we estimate [ th [Dyv, Alv - (v +P(v- Vv))dVdt. We already know the explicit expression
of [Dy, AJv in the proof of Proposition 2.2. By the divergence free condition of v, + P(v - Vv), we
do the same estimate by replacing Av with v, + P(v - Vv) in the proof of Proposition of 2.2. Up

o signs and (nin;),
/[Dtv, Ao - (v, + P(v- Vo))dV = /(Vv LAV - (0 + P(v - Vo))dV

+ /([P’(Vv -V20) + P(v - VAY) +v - V(P(AV))) - (v, + P(v - Vv))dV

+ /aQ n - (v, +P(v - Vo)) (Vo)?dS + /{m n- (v, +Pv- Vo)) (Vv +oVnV2u +oV3)dS

4 /(vt L P(v- Vo)) - (V(A) A - VA (- T - n)))dV
Integrating in time,

//[Dtv, Ao (o + Blo - Vo)dVdt S S+ Blo- o), + 5190 + B~ Vo)) g + ol
Collecting all terms,

/<vt+]P(v-Vv),vt+P(v-Vv) > dt

~Y

1 5
<€+§W%W—FWM%Q+WW+W%@WWW+WW+WW¢VWQQ (14)
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Since |Vgn|i%H1 SIVA(n— F())|524, (See Lemma 5.2), (12) implies that
el T2 S €+ ol + 10l + nlTge g - 0l + [0l - [vel7 s (15)

We finish proof of Lemma 6.1. B

» Lemma 6.2: |[V(n—F(n)]? , S|VH.(n—F(n))
L2H?

Proof: We will use the Dirichlet-Neumann operator. Suppose V. (n — F(n)) € L?H}. We set
f=n—F(n). Fori=1,2,

2
L2H}

Gn)f+Vn-Vf
1+ [Vn?

RO(f)) = 0:(f) — 0 € [2H?

Therefore, by the product rule of fractional derivatives, |Vf|L2H% S nlzeoms - ]Vf|L2H% +|VH(n—

x

F(n))|r2p:- Here, we use the fact that G(n) is a first order pseudo-differential operator. By the

smallness of |1| e g3, we finish proof of Lemma 6.2. W

Now, we prove Proposition 2.4. Let us go back to the energy bound (6) in Chapter 2. From the

commutator estimate,
101 + 07z S €+ [0l + | /(a)dtl
We replace | [(«)dt| with (12).

|
I+ nliecms S et [lol]* + 1o velezm + 1V (n — F(m)[72p1)
+ e gz - 0l + [0l gz - [V (0 — F0)) 72100

We substitute ||v]|? into (13).

1
VA= F) ey S e+l + g5 uluzm + VA (1 = F) )

+ nlEee s - 10117 + [l Loy 11011 + 10l g - [V (0 — F(0)) |20,

We substitute ||v||? into (15).

1
0T S e+l +nlteys - [0IP + [[0]1? - [0l 7ep + 1—0(|Ut|L3H; + |V (= F(n)l]2p1)
+ [legens - J0l1? + [0l7e gz - [V (0 — F0))| 7200

By adding these two bounds,

0elz2ms + VA= F)lzzry S e+ oI+ Inlogems - [0l + Il Lo g - 0]
+ |l |Ut|%§H; + |77|%ng VA (n — F(n))lim (16)
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which is end of proof of Proposition 2.4.

By (16), we have the estimate of | [(a)dt|.

| /(a)dt\ S lZgomg Mol + 11+ (10l - [oel 3y + 0l g - V220 = F)) 35y

Therefore, we finish proof of proposition 2.3. B

» Proposition 2.5. Korn-type inequality
1
[VAv[Tap, S / < Av, Av > dt + [|v][* + §’VAU|i§Lg + VA (n— F(0) (2

Proof : Since Av does not vanish at the bottom, we cannot apply Korn’s inequality directly to

Av. But we can use the equation itself to apply Korn’s inequality.
Av+VH#(n—Fn)) —v-Vo+Pw- V) =—v, —v- Vo
Since the right-hand side vanishes at the bottom,

|0(Av + VI (n— F(n)) —v-Vu+P(v- Vo))l
S <Av+VH(n—F@n)—v-Vo+Pw-Vu), Av+VH(n—Fn)—v-Vo+Pv- Vo) >

~Y

Therefore,
1
VAulass S [ < A, Av > dt ot (ol + 51T Ay + 920 — F)es

This is the end of proof of Proposition 2.5. B

7. CHANGE OF VARIABLES

In this Chapter, we present details of the change of variables which is used in Chapter 3. We de-
fine O(t) : Q = {(x1,79,9); —1 <y < 0} — {(x1,29,2); =1 < 2" < (w1, 39,t)} by O(x1, T, 9,1) =
(21, xo, (21, T2, t)+y(1+7 (21, x2,t))), where 7 is the harmonic extension of 7 into the fluid domain.

By definition,

1 0 0 1 0 0
=10 1 0], ¢=@@)'=] 0 1 0
A B S

where A = (1 + y)7jsy, B = (1 + y)Muy, and J = 1 + 7+ 9,7(1 + y). We define v on 6(2) by

9. .
v; = Stw; = qjjw;. Then, vy = S vy = 22 v3 = %wl + %U@ + ws. We make replacements
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v j = (0 (cuigwy). Then,
Ou(Fun) = JA0(Gun) () = §BO(Gun) 50s(5wn)

do = (vig) = | O(Gua) = §AD(Gua) Oalfwa) = 5BOs(Gua) Gb(Guw)

V31 V3,2 V3,3

where v3; = 81(%]/11111 + %ng + ws) — %A&,(%Awl + %ng + ws),
Us,2 = 82(%’4“’1 + %ng +ws3) — %Ba?)(%Awl + %BIUQ +ws), vz = %33@14101 + %ng + ws)

First, we take time derivative.

1 1 / 1 1 1 ;1 1
Vg = jwl,t + (j),twl + ((Q)_l)ga:a(jwl) = jwlt - ﬁjtwl + ((9)_1)3{371)1,3 - 7J,3w1}
1 1 / 1 1 1 ;1 1
Uze = ZWa + (j),tw2 + ((9)71)333(3102) = W — ﬁJtU& + ((9)71)3{3102,3 — jJ,sz}
_ 14 +(A) +1B +(B) + vz, + ((0)” )8( A +1B + v3)
U3y = 7 W1 ¢ 7 W1 7 Wa ¢ 7 tWa T V3t 3 wq 7 Wy T V3
1 J 1 1 J 1
= jAth — J; Aw1 + JAtwl + JBw2t J; ng + JBtw2 + W3 ¢
/ 1 1 1 1 1
+ ((9)*1)3{ J2 J3AU}1 + JA 3W1 + JAwl 3 + — J J:,B/LUQ =+ jB’ng + ij273 + U)373}

Next,,we calculate the advection terms.

v-Vu; = wlé?l( w;) + wzﬁg( w;) + w383( ;) fori=1,2

v-Vouvg = wlal( wy + wg + ws3) + wg('?g( wy + wz + ws3) + w383( Lwy + w2 + ws)
Finally, we obtain the dissipation term. For the simplicity, we calculate A first.

1 1
N = —0s(—=
O11 + O + Ja&:(]a&;)

1
— 81(3A83) Oa(= B@g)——A031+ A@g( Aag)——3832+ B@g( Bag)

Therefore,

Av = an<1wz>+azz<1wl>+ SOy S0(Fun)) - al(lAég(lw-)) 62< Baq(—wz))

— A () + S AG(SADs(Sw)) — B Jus) + < BOy( S By Sw)
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A B A B 1 A B
Avg = 811(7101 + 721)2 + w3) + 822(7101 + 7?1)2 + wg) + j@g( 83( —w; + JUJQ + wg))

1 A B A B 1 A B
- 31(7/133(71111 +wz + ws)) — 82(JB<93(7UJ1 +Zws+ ws)) — jAé?gl(jwl + —ws + wy
B A B
+ —A83( Aag( w1—|— Jw2+w3)) ——3332( w1+ JIUQ—f-U}g)
A B
+ jBﬁg(JBé?g(jwl + JUJQ —|—’U}3))

We define the pressure as ¢ = po 6. Then, 01p = 01q — %,Aﬁgq, Oap = Obq — %Bagq, O3p = %83(].
We substitute all terms into the Navier-Stokes equations and its boundary conditions. Then we

see the quadratic nonlinear terms mentioned in Chapter 3.

APPENDIX: Local Well-posedness of the Free Boundary Value Problem of the In-

compressible Navier-Stokes Equations Without Surface Tension

We study the incompressible Navier-Stokes equations with free boundary in €); of finite depth
without surface tension. We have the same equations and free boundary conditions with no sur-

face tension.
)

v+ov-Vo—Av+Vp=0 in Q
V-v=0 in

(NSF)S v=0 on Sp

M = v3 — 010, — v20,m on Sp

( pni = (vij +vi)n; +nn; on Sp

Here, we want to prove the following theorem.

THEOREM 3: For arbitrary initial data vy € H? and for sufficiently small initial data 7y € H g,
there is a finite T' < oo such that there is a unique local in time solution v, n and the pressure
p. Moreover, the solution satisfies the energy bound: |v|c, g2 + [v]p2hs + ]n\CtHz% +|Vplezm S Co,
where Co = [vom2 + [nol 3

Remark: Here, we obtain the continuity-in-time of the boundary because we solve the transport
equation of 1. ( Under the surface tension, we estimated the boundary by using the structure
of the equation, not solving the transport equation. ) We need the smallness assumption to the
initial profile of the boundary to show that the change of variables defines a diffeomorphism. If we
use the Lagrangian coordinate to fix the boundary, it does not require the smallness assumption
of the initial boundary data. But, we want to use the same method: we will solve the problem on

the equilibrium domain.

1. A PRIORI ESTIMATE ON THE MOVING DOMAIN
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In this chapter, we will obtain the a priori estimate on the moving domain. We will obtain exactly

the same bounds of the velocity field as we obtained to the problem with surface tension.

(1) BASIC ENERGY ESTIMATE
We multiply by v and integrate in the spatial variables. Then,

1
0 = / —|v2dV + —V~(v\v|2)dV—i—/ (=Av)-vdV + [ Vp-vdV
o, 2dt o o o

o 1 2 _ 2
- 2dt/ o2V Q/M@ el dS+2/BQt(v n)lof?ds

1
+ = |Uz'7j + vj7i|2dV — / (’U@j + vj7i)njv,-d5 + / pn,deS
2 Ja, 0% o9

Collecting terms, we obtain that

/||dV—i— /|v”—|—vﬂ] dV+/ (v-n)ndS =0

Since 1y = /1 + |Vn|?(v - n), the above equation can be written as

o2 dV + = / |V, + V4] dV—I—/ =0
th/ Q I o, \/1+ |V77|2
By the change of variables, [, —L—dS = [.,(mn)dzdy = 14 [ |n|*dzdy. Therefore,

2V 1+|V77|2

2dt{/ |v| dV—l—/ ’77‘ }+ = / |Ui,j+vj,i‘2dV:O

Integrating in time,

1 1
100+ g0+ 3 [ [ 1o+ sPavas = ot + gl

By Korn’s inequality, |v|i§ch + |Vv|%%L% + |77|%§°L§ < Jvol3e + |10l7s

(2) HIGHER ENERGY ESTIMATE
We will use the same vector field decomposition method to rewrite the equations. We take P to

the equation.
PDw+ Av+ VI (n) =0, Aw=—-PAw+Vi#(n-T, n)
Since A does not commute with the projection P onto the divergence free space,

A(Dw) + A(Av) + A(VH () = —A{v- Vv —P(v-Vu)}
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By commuting D; with A,
D,(Av) + A(Av) + A(VA(n)) = [Dy, Al — A{v - Vo —P(v - Vu)}

where A(VI(n)) = —PA(VIH(n)) + VI (n - Ty -n) = VI (n- Ty -n). We multiply

the equation by Aw, integrate in the spatial variables over €);, and integrate in time.

t t
|Av(t)|72 +/ < Av, Av > ds +/ VA (n-Tgwy) -n) - AvdVds
0 0

Qs
t t
S Co+ / / [Dy, Alv - AvdVds + / / Av - A{v - Vv —P(v - Vo) }dVds
0 Jos 0 Ja,

First of all, we estimate fot Jo, Av - VA (n - Ty e - n)dVds. By the integration by parts,

/ Av-NH(n - Tywy) -n)dV = / (n - Av)(n - Tyee) - n)dS
Q 09

RIS TW( 1200, S AIAV] 200 + V(AV) 200 } - 17 Toe) - nlrzo0)

N

S |VU|%2(Q,5 |V(AU)|L2 @) 17 Torm n|L2(BQt)

Here, we used the trace theorem such that H'(2) — L?(09) to the velocity field. If we use
H2(Q) — L2(09), we only need to estimate the boundary in L,?HE, not in LZH? which is stated
below. When we study the free boundary value problem with surface tension, this sharp estimate
is necessary. We will establish L% bounds by solving a transport equation of . We can obtain L?

bounds of the boundary from L{® bounds. Secondly, we estimate the commutator.
» Proposition: Commutator estimate
T 1
/ /Q [Dy, Alv - AvdVdt ST - (|U|2L§°Lg + ’vv‘%ng + |AU|%§°L% + |VAU|%fL§>2 + §|V(AU)|%§L§
Proof: We have the same commutator estimate as we had to the problem with surface tension.

Then, we replace any L? in time term with \/T| : |L§°H§; for some k£ > 0. In this way, we can

generate factor T to the right-hand side.

In sum, we have the following energy bound:

|U|%;>°L3 + |VU|%§L3 + ’AU‘%gﬂLg + ‘VAUFLfL_%
S Co+ T <|U|%§°Lg + |VU|%§L3 + |AU|%§CL§ + |VAU|2L§L3)2 + |n - Tvem) ‘”&gm(agt)

~Y
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We estimate |1 - T () - 7[72(0,)- By calculation,

Amd:ndim (39 + 40| Vn|?)
n- T - n TP T O T RO X TG
(1+ [Vnl*)Aon + 9ind;ndiyn

Therefore,
1 Txor () ”|L2L2 o) S{1+ |V7I|2Lg<>Loo(RQ) + |vn|i§oL°°(R2) + |V77|6L;>0Loo(32)} : |v277|%§L2(R2)
We need to obtain [Vn|pe g2y and |V277\L§L2(R2). 7 satisfies a transport equation:
ne+v-Vn=us

Since Rv in the advection term does not satisfy the divergence free condition, we need a higher
regularity to v than the Lipschitz regularity. Here, H %(89,5) is enough. See [6]. On time interval
[0, 77,

s S ol s+ VTl g beso(VTTol )

By the change of variables, [v| 5  <|v| 3 . Taking T small enough, assuming a priori
L2HZ (R2) L2HZ (0)
/T 1
|U| I2H g 5 2
t Hz

et S Al + VIl g bexp(VTlol, 2) S finl,5 +VTTol g

t 93

2,2 2,12 2 < |2 20,12 -
Therefore, [V2n[f, . < |V mfﬂHz < T|77‘L°°H’ ]no\Hg +T ]v]Lngg. By taking 7" small enough,

we can move T2 - [v|> , to the left-hand side.
L2H2
As before, we replace [ < Av, Av > dt with |VAU|L2L2 with |V (n )L2H1 in the right-hand

side. But, it is less than |7]0|2 + T2|v]2 . Therefore, we can move T2|v|2 ; to the left-hand
L2H? L2H2

side by taking T" small enough A priori estimate becomes

M%g%g + |vv|%§L§ + |AU|%§°L% + |VAU|%§L2 SCo+T- (|U|%§’°L§ + |VU|%§L% + |AU’%§°L% + IVAUﬁng)Q

~J

We define a norm |[[v]| as [[v]| = [v|rer2 + [VV|p212 + |Av|per2 + [V Av|212. Then, we have that
[v]|> < Co+T-||v|]|* which will imply the contraction of v for short time 7" in the iteration step.

The size of time interval is given by [0, 7*], T* ~ min{1, CLO} This also implies that |7 < Co.

LeH3 ~
After solving v and 7, we solve the pressure from the following elliptic equation.

—Ap=0vdv in
pn; = (U@j + UjVZ')nj + nn; on 8Qt
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Since we have estimates on the harmonic extension parts, we only need to solve the Lagrangian
multiplier Vp, ,. The existence and uniqueness of Vp,, is proved by those of v;. By taking PP to
the momentum equation, we can prove that v; exists uniquely in LZH}. From the equation, in the

time interval [0, 77,

IVouulezamy S [velpzmy + v Vol + [Av| 2 + V() 2
S OPw - Vu)lpeg + v Volpeg + [Av| g + VI ()| 20
S oo Volpeg + [Av| gy + VA ()| 201 S Co

2. ITERATION, EXISTENCE AND UNIQUENESS
In this section, we transform the domain to the equilibrium domain and do the iteration. As
before, we define 0(t) : Q = {(z,y,2); =1 <y < 0} — {(z,y,2); =1 < z < n(z,y,t)} by

0(z,y,2,t) = (z,y,0(x,y,t) + 2(1 = 7(x, y,1)))

where 7 is the harmonic extension of 7 into the fluid domain. We cannot follow the change of
variables used in the problem with surface tension because it requires that V47 € L2, while we
only have V37 in the a priori estimate. To avoid this higher regularity of 7, we simply compose v
an p with 6 to define the equations on the flat domain €2. See [8]. We define the velocity field and
the pressure on Q as w = vof, g =pofh. Let X = #~L. Then, the Jacobian matrix dX is given by

(Xij) =

s O
<o~ O
<= OO

where A = 0,7 — 20,7, B = 0o1 — 2057, J = 1 — 1+ 0,7(1 — z). Note that X = 0~! exists as long
as 7 is small enough. Now,
62’01'

Vig = Wiy + w3 X3y, Vip = Xjrwij, U-VU=wp X w5, —5— = XipXjewi + X pewiy

0?2z
Then, on the equilibrium domain, we have the following system of equations.

(

wy—Aw+Vg=f in Q
V-w=0c in Q
(LNSF) wi73+w3,i=gi, q=w3,3+77+93 on {ZZO}

w=wy=1v90by, n=mn at t=0

m—ws=w-Vn=h on {#=0}, w=0 on {z=-1}

\

where nonlinear terms are given as

2 2
fi = 25wi1s + 25w 03 + (57 + 55 + 55 — Dwi g3 + AXsw; 3 — wi X ewi j — X;,:0;q + 0ig — 033 X3,
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_ _A B 1
0= 5wz — Fwyz + (1 — 5)wss

g1 =—(0m)(n—q+2(w — wl,S%)) — (Oan) (w12 + w1,3§ + w1 + 7~U2,3§) —(1- %)wl,?) - w3,3§
g2 = —(01m) (w12 + ng? + w1 + w2,3§) — (Oam)(n — q — 2(wa2 — w273§)) —(1- %)wz,:a — w3,3%
gz = —(8177)(101,3%] + ws1 + w3,3%) — (3277)(71)2,3%] + w32 + w3,3?) —2(1— %)ws,:s

The compatibility conditions are given by

wp=0 on Sg, V-wy=0c(0) in Q
{—(wo)1,3 + (wo)3,1, —(wo)2,3 — (wo)3,2,q(0) — 2(wo )33 — 1} - Tk<0) =9(0) - Tk@)
1_ 1 2 _ 1
where T = \/W(l,(),am), T \/W(O’ 1, 0qm).
Since we lose the divergence free condition, we need to reformulate the system into the prob-
lem of the divergence free by introducing v such that V -v = o, v = 0 at the bottom. We will

discuss the existence of such a v later. Let u = w—v. Then, (u,n, q) satisfies the following system

of equations.

u—AMu+Vg=f—v,+Av in Q

Veu=0 in

(LNSF) ¢ w3+ us; =g —viz—vs;, q¢=usz+n+gs+uvsg on {z=0}
u=wy—1vy at t=20

 m—us=u-Vn+v-Vnp+vs=h on {#=0}, u=0 on {z=-1}

Let F=f-u+A, G =g¢ —vig—vs;, Gsg=mn+0gs+ fot hds. Then, we can rewrite the
above system only in terms of w.

u—Au+Vqg=F in

V-u=0 in Q

(LNSF) eea t
Uiz +us; = Gy, q=1uss+ [, usds +Gs on {z=0}
u=wy—vy at t=0, u=0 on {z=-1}
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There exists a unique solution (u, q) such that

t
ulpzps + [l 2y + 1Vl zm + |/O uzds|peemz S Co + |molmz + |Fl 2 + |G\L3H§

S CO+|f|L§H;+|g|L2 + |oy — AU|L2H1+|U31+UZ3| Jr|/ hd3|
t

3
2
T

S Ot lugm +1ol 3 + s+l +1 [ o 9m)is] g +] / (v-V)ds| |, 4

S Cot | flezm + |9|L +vlpzps + (vl + T - |ulgzgz - 0l 5 + T [v|gzm2 -

3 5
H? L2H2 L2H2

Now, we go back to the original velocity field. Since w = u + v,

(Wl 2gs + |wel Lz + Va2 m

S Co+ | flezm 19l , s+ vlzms + vz + T - w22 - 0

L2H2

+\/_!U| ud

[wlz2ms + |lwel Lz + [Vl L2m

S Cot | flem + ’9’L2H% + |vlpzps + [vel 2y + T ’wﬁggg + T |vlpzpz - |w|p2ps
t 1z

By solving v, we obtain the energy bound of w. The iteration is performed in the following way

( — Auw™ —|—Vq (wm Lgm=t g™ 1) in Q
V-wmza( 1 in Q
(LNSF™) ¢ wly +wi = g;(w™ 1,77’” D, @ = w0+ gs(w™ ™) on {2 =0}
w" =wy, N =mn at t=0
i —wi =wm VT = h(w™ g™ on {z=0}, w"=0 on {z=-1}

\

Therefore, we can apply the contraction mapping lemma to {w™}.

3. SOLVABILITY of V

We want to prove that there exists a vector field V' such that V-V = ¢ and V = 0 at the bottom.
We will look for such a V' in the form V = Vr + V x 7. First, r solves the following elliptic
problem (E1). The existence of a solution and its regularity is well-known. For example, we can
use Lax-Milgram theorem for the existence of weak solutions, Agmon-Douglis-Nirenberg theorem

for the regularity. See [2].

(B1) Ar=0c in
n-Vr=0 on Sg, r=0 on Sg
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Then, we solve 7 in terms of r. 7 solves the following elliptic problem.

(EZ){ AT=0 in Q

n-Vr=-nxVr on Sg, r=0 on Sg
First, V-V = ¢ is trivial. V' = 0 at the bottom because

(817“, 827“, 837“) + (327'3 - 837'2, 0311 — (91737 O — 827'1) = (317", 827", a37“) + (—537'2, 8371, 0)
= (81T, 82T7 O) + (_837—27 837'1, 0) =0

where we used the tangential boundary condition of 7 for the first equality, used the Neumann
boundary condition of r for the second equality, and used the Neumann boundary condition of 7
for the last equality. In (LCNSF), we have V; — AV, V(0), and V5.

Vi—- AV =Vr,+Vxrn—-VAr=Vr;+Vx7n—Vo

Vry and V X 7, are estimated by taking d; to (E1) and (E2) and doing the energy estimate.
Vi =03r € LfHE on S by the regularity of r and the trace theorem.
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